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ABSTRACT 

The similarity condition was applied to non-steady flow of liquids in partially saturated 
porous media. Inspectional analysis was applied to the difCerential equation describing two
phase flow where the gas phase is everywhere at atmospheric pressure. Criteria for Simili
tude were developed to facilitate etudying complicated field processes with emalllaboratory 
models, 

Standard scaling units were so chosen that the capillary fringe depth can be precisely 
accounted for in a model and the time scale permits modeling a lengthy flow process in a 
relatively short period of time. The standard scaling units are readily measurable media 
and liquid properties . Some of these properties, however, are characteristic of the drain
age cycle only. Theoretically, the refore, the scaling criteria are not applicable when hys
teresie is important and the imbibition cycle is involved. 

The validity of the criteria were confirmed experimentally by applying a non-steady 
drainage process to two columns of media which, according to the theory were similar. 
Even though they were Similar, the media properties were sufficiently different so that one 
column was a small model of the other. It was also discovered that, at l eas t during steady 
flow, processes involving hysteresis can, in fact, be accurately scaled with these criteria. 
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PREFACE 

Colorado State University'S cont r ibution to W·5 ! Regional Re search Project 
entitled " Factors Influencing the F low of Subsoil Water in the Immediate Proximity 
of and into Drainage Facilities" includes a study or the possibility of using physical 
models of field drainage systems . Results are presented herein which Indicate that 
the scaling theory is valid and future work will be directed towa rd modeling fi e ld 
situations. A More detailed report on this study is included in the senior author 's 
dissertation entitled "Similitud e for Non - Steady Drai nage o f Partially Saturated 
Soils" presented at Colorado State University. 

The author s are grateful to Dr. D. E. Elrick, Associate Professor, Depart 
ment or Soil Science, Guelph University, Ontario. Canada, a nd Dr. G . L . Blooms
burg, Associate Proressor, Department or Agricultural Engineering, University of 
Idaho. for their critical r eview of this paper. 
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SIMILITUDE FOR NON-STEADY DRAINAGE 

OF PARTIALLY SATURATED SOILS 

I 
G. L. Corey, A. T. Corey and R. H . Brooks 

INTRODUCTION 

Many physical phenomena are simple enough 
and suffi ciently Wlde rstood to allow complete mathe
matical analysis without recourse t o auxiliary experi 
m entation. Others, howeve r, are so complicated a s 
to rende r complete mathematical analysis difficult if 
not impossible. One need not awatt development of 
mathe matical techniques, however, in order to learn 
something of the phenomena . Information can be 
obtained empirically by direct experimentation. 

It is ofte n i mpractical to perform laboratory 
i nvestigations Wlder prototype conditions and one 
must r esor t to mod el studies. In order that mode l 
results be applicable to prototype conditions , the 
model must be adequately scaled . Similitude for a 
given phe nomenon requires that the model be scaled 
dynamically as well as geometrically. In fluid dyn
a mics there are two generally acce pted methods of 
defining the scaling criteria necessary for a given 
process. 

Dimensional analysis consists of grouping the 
pertinent variables into dimensionless parameters. 
These are then studied empirically to define their 
inter relations hips. Theore tically , since the parame
ters are dimensionless, their functional r e lationships 
apply to any size of the phySical process providing the 
parameters are nume rically equal . One need not 
know the mathema tical relationships among variables 
in order to use this method. 

The other method, called "inspectional analysis" 
by Ruark ( 18) , requires that the fundamental equa 
tions relating variables be known . These equations 
are "scaled " or made d i me nsionless by applying suit -

able standard variables . This process results in 
dimensionless parameters which must be h eld equal 
in the mode l a nd prototype ; thus the scaling- criteria 
become apparent. This method is also r efe rred to 
as "change of variable" or "dynamic similitude." 
The s uccess of eithe r o f these methods d epends, to a 
large d eg r ee , on the user's prior knowledge of th e 
process. It is diffi cult without this to fully appreciate 
the validity of general conclusions drawn from 
s mall-s cale observations. 

Isother ma l move ment of liquids through porous 
mate rials has been a phe nomenon of interest for 
many years. Since Darcy (8) first describe d the 
equation of steady flow, researche r s have been con 
cerned with developing a mor e thorough unde rs tanGl 
ing of this complicated process. In 193 1, Richards 
( 16) proposed a general equation dcscribing non 
steady flow of liquids in either s aturated or unsatura 
ted materials . This equation ,in various forms, has 
been the basis for much of the subsequent work in 
partially saturated media. 

T hi s non-linea r, second order differential 
equation ha s thus far not bee n solved for anythi ng 
other than simple one-dimensional now. Since most 
physical problems involve e ither two or three 
di mensional flow it would be advantagcous to be able 
to model th is type of phenomenon. The purpos e of 
this paper is to d escribe a theory of similitude based 
on Richard's equation and applicable to drainage of 
soils. The validity of the theory was checked by 
experi mentally testing similar media during a non 
steady drai nage process . 

I Professor of Agricultural Enginee r ing , Univers ity of Idaho, formerly graduate s tud ent at Colorado State 
University; Professor of Agricultural Engineering , Colorado State Uni versity. Agricultural Resea rch 
Enginee r , USDA, respectively. 



LITERATURE REVIEW 

The use of models to study flow through porous 
media is not new. However, in many laboratory 
investieations reported in the literature, scale rela 
tions between model and prototype have not been 
recognized. Conclusions developed do not apply to 
prototype systems because experimental design did 
not adequately account tor scaling tactors. 

Scientists in the petroleum Industry are interes 
ted in fluid Clow through porous media since raw 
petroleum most often occurs in the porous mantle of 
the earth. They are , in a-eneral , Interested In two 
phase liquid flow or the displacement of oil by water 
or gas. Modeling techniques have been applied to 
this problem and although the process involves the 
now of two liquids and attention is focused on model
ing the displacement of oil by water or gas, their 
selection ot pertinent variables and discussions of 
model design apply equally well to media partially 
saturated with a single liquid. 

The author has taken the liberty of converting 
all the scaling criteria developed by the various 
investigators, to similar units tor ease of compar 
ison . 

Sca ling Theories 

Leverett ( 1 2:) was probably the first to use 
dimensional analysis to arrive at a scaling theory for 
flow through porous media. He developed the theory 
in 1937 and discussed it along with experimental 
techniques in 1942: . He was interested In the dis
placement of oil by water. He fixed the model
prototype length ratio by a desired ratio. This fixed 
the time scale since the acceleration due to gravity, 
a variable he considered pertinent, would have the 
same value in both model and prototype. He fixed the 
mass scale by noting that the density difference 
between oil and water would be a pproxi mately the 
same for model and prototype. Of course, fixing 
ratios of length, time, and mass also fixed all other 
model- prototype ratios since no other fundamental 
dimensions were needed. His scaling criteria are 
summarized below. 

K • K' ( I ) 
'0 '0 

K K' (2) 
'w ' w 

Pc ~ # ( 3) pr"';;- K , 
The primed quantities refer to the model and the un 
primed to the prototype and the symbols are defined 
as follows: 

K is the maximum ~rmeability of the 
material and is not a function of the liqUid. 

2 

K 'w 

K 
ow 

"0 

"w 

is the relative permeability to oil = 

Keo 
K 

is the relative permeability to water 

K. w 
--;( 

is the ertective permeability to oil and is 
a function of capillar y pressure. 

is the effective permeability to water and 
is a function of capillary pressure . 

is the dynamic viscosity of the oil phase. 

i s the dynami c viscosity of the water 
phase. 

is the capillary pressure" pressure of 
oil - pressure of water . 

is the interfacial tension between the two 
liquids. 

According t o Leverett's theory, equation 1 , Z, 
and 3 must be satisfied. However, the quantity 

represented In equation 3 as well as [:~:J and 

[K"w'] 
K'" w 

must all be equal to some speCific value 

depending on the choice of the length , time, and 
mass scales. He indicated that since one may choose 
the porous material as well as the model nuid suf
ficient flexibility is available to meet these criteria. 

Rapoport (15) was quite critical of the dimen
sional analysis approach and developed scaling laws 
for water - oil flows utilizing the inspectional analysis 
tec hnique. His criteria are summarized below. 

l. The model must be constructed in such a man 
ner as to scale the prototype geometry. 

Z. The initial fluid distribution must be the same 
for model and prototype. 

3. The relative permeability functions and the 
oil-water viscosity ratio must be the same for 
model and prototype. (Relative permeability 
functIons r efe r to the relationship between 
relative permeability and saturation.) 

4. The capillary pressure {unctions applying to 
model and prototype must be r e lated to each 
other either by direct proportionality or by a 
general linear transformation . 



5. The design and operation of the model must be 
conducted In accordance with the following 
expre ssions : 

-Q U ILLKg tlPJ _ t w prototype 
(5) 

[Qt Uw/ LKPc1 model · [Qt Uw/LKPcl prototype 

(6) 

~Pcz/o"'~l model ,, [KPC1IffT
Z

] prototype (7) 

where Qt is total water flow, ~ is the porosity , 
and tip IS the density difference between water and 
oil. 

Croes and Schwarz (7) used model experi 
ments to study the process of water driving oil from 
a porous material. T hey reported experimental r e 
sults in dimensionless form. The dimensionless 
groups were 

L U o tlpYg~ ~ 
a, y' U

w 
rr cos a qu

w 

where a , the mobibili ty ratio , 
K' " ro w 
~ rw 0 

Th o 

r elative permeabUities refer to the unflooded region 
and L and Yare the lengths parallel to and per
pendicular to the direction of flow r espectively, g 
is the acceleration due to gravity, and a is the con 
tact angle of the oil- water interface with the sand 
grains. 

Craig, et.al. (6) performed a model study of 
oil recovery from a water flooded formation. They 
considered homogeneous material and neglec ted the 
gravity effect. They scaled the model geometrically 
and used the flow scaling criteria 

[qUX l [""uXl 
IT :o~ a model: IT co~ a field 

(8) 

where q was the injection rate per foot and X was 
the dista}ice between we lls . They u sed model 
materials that had relative permeability characteris 
tics typical of many oil bearing formations. The 
test s covered a wide enough range of rock and fluid 
characteristics and injection rates to simulate a wide 
variety of field flooding conditions. 

Scheidegger (19) scaled the general equation (or 
no n- steady flow through partially saturated porous 
m edia and arrived at the following scali ng criteria: 

[ L :~g Jmodel • [L :;g ]prolotype 
(9) 

3 

and 

[ 
QtU ] 

L2K tI 
pg prototype 

(10) 

which results in the scaled time being 

( 11 ) 

whe r e Qt is the volume flow rate and t is time. 

These criteria are sufficient for macroscopi c scal 
ing only and in orde r to achieve full scaling one must 
assume that the relative permeability- saturation 
relationships are the same ror model and prototype. 
Schiedegger suggested using the prototype material 
in the mode l. 

Richardson ( 17 ) used inspectional analysis to 
scale the differential equation describing the dis
placement of oil by gas or water. He proposed the 
rollowing scaling criteria: 

I . The model and prototype are geometrically 
simUar. 

2. The model and prototype have similar initial 
and boundary conditions. 

3 . The model and prototype have the same r e la 
tive permeability and dimensionless capillary 
pres 8ure - saturation relations. 

4. The model and prototype have the same values 
for th e parameters 

t1 ··f(a) ... If"" ~ 
quo L V"6' quo 

U w 
Uo 

with t ime given by dlL/qt wh ere f(a) is 
merely a dimensionless representation for the 
contact angle and q is the volume flux. 

The p reviously discussed scaling laws were 
developed by petroleum engineers interested in the 
displacement of oil by water or gas. In this process 
two liquids are flowing side by side. Several inves
tigators have proposed scaling laws for mod eling un
steady flow ot one liquid in a partially saturated 
material. Stallman (20), in 1964, used dimensional 
analysis to determine scaling criteria for uns teady 
flow. Ac cording to his results, correct dimen sional 
scaling of a prototype flow syste m is attai ned only if 
the model and prototype characteristics satisfy the 
following criteria: 

I . The model and prototype are geometrically 
similar and have similar boundary conditions. 



Z. The curve of the relative permeability versus 

satur ation of the porous medium in the model 

must be identical with the same curve of the 

porous medium in the pr ototype. 

3. [;]model = (1/1] prototype (Il) 

4. [~~l . [Pc "'1 (13) 
r:r model r:r Q prototype 

5. r'L2/3,j' 1 . f.L2/3 0:...1 
. up g .model . / Lipg"prototype 

(14) 

6 ~Kpgtl 
. LuL Jmodel 

;Kpgtl 
• i.. £.I L J prototype 

( 15) 

where £.I and p are the dynamic viscosity and 

density of the liquid r espectively. Stallman's fourth 

criter ion is the relationship discussed by Leverett, 

represented in equation 4. 

Hysteresis plays an important role in unsteady 

flow in partially saturated media if the Clow process 

involves both drai nage and imbibition . The capillary 

pressure - permeability-saturation relation shi ps are 

not identical for both systems since during Imbibition 

air becomes entrapped ir, the medium thus reduc:ng the 

effective flow area. Miller and Mi ller ( 1 3} were the 

first to consider scaling laws which would be vaUd 

for any now system whether it be drainage or imbibi 

tion. They used inspectiona\ analysis and aave atten 

tion to microscopic as well as macroscopic scaling. 

Microscopic refers to the medium itself and macro 

scopic to the over - all flow system. Their c r iteria 

are based on the model and prototype media being 

"similar" and in "similar states." To satisfy this, 
Ped 

the two media must have equal values of - - a . 
• 

K, 
;p-; where d is a character istic length of the 

me dia. 

Using these relationships the followi n g scaled 

variables were developed: 

Mi c roscopic geometry 
P d 

P 
e. 

a . '" a 

e 

Flow properties 

Macroscopic geometry 

, 
r. = L r is a position vector and L 

sco pic characteristics length 

( 16) 

( t 7) 

( 18) 

( 19) 

a macro -

4 

f is a body force per unit volume 

for aravity 

... 
uL 

q. = ;d q 

.d 
t ' '' u L at 

where the dots designate scaled variables. 

(21) 

(lZ) 

(l3) 

Several experiments have been made to test 

the validity of the above theory. Klute and Wilki nson 

( 11) used "si milar" medi a consisting of washed 

natural sands bracketed between sieve sizes. 

Permeability - capillar y pressure r elationships were 

investigated for each of five media . It is not clear 

whether the data were take n on drainage on imbibi

tion cycles but it is clear that both were not included. 

The scaled capillary pressure t P~d ) and permeabtlity 

(~) curves coalesced into one sin~le curve fairly 

well, at least within experimental error. However. 

observation of individual curves indicates that the 

experime ntal erro r was quite large. 

Elrick , eLal. (9) ran hysteresis loops of 

capillary pressure - saturation. They used one 

material and "modeled" by using two separate 

liquids, i.e. water and butyl alcohol. The capillary 

pressure was scaled according to the Miller theory. 

The microscopic length d, however, was not applic

able since the same medium was used in all tests. 

These curves showed good agreement for granular 

alundum but poor agreement when a mineral soil 

containing clay was used. Scaled capiilary pressur e 

versus scaled permeability was also measured w ith 

excellent results . 

Elrick, et. al. a lso measured distance of an 

imbibing front and total Imbibition against time. 

This experiment was conducted with two similar 

media using the same liqUid in each. These data 

show excellent agreement when plotted in reduced 

coordinates. Another test involved downward flow 

into initially saturated samples , driven by gravity 

and a scaled excess or pressure at the top. The 

scaled volume discharged per unit of scaled time 

showed good agreement. 

Wilkinson a nd Klute (l l ) drained initially 

saturated columns containing "similar" media and 

plotted discharge versus scaled time. Their results 

were only fair. Better results were obtained whe n 

liquid was allowed to imbibe into initially dry 

columns. 

The above - mentioned experiments by Klute , 

Elrick, and Wilkinson were all conducted using the 

Miller scaUng theory in 'Order to test its validity . 

Some of the results were impressive, others not. 



Summary 

Sand models have been used for many years to 
study flow processes through porous media. How 
ever, only recently have scaling criteria been given 
due conside r ation. 

Several investigators, interested in the r('"place 
ment of oil by water. have developed criteria for 
mod eling such phenomenon. Recently, theories 
have been proposed concerning flow of a single 
liquid in a porous material. The latter theories are 
of interest in this study. The process of a s ingle 
liquid flowing under partially satur ated cond itions is 
essentially the same as when two immiscible liquids 
are flowi ng since a ctually two fluids are involved in 
either case. However, during the drainage process 
the gas flow is gene rally neglected. 

Some of the scaling laws reviewed here are 
theoretically va lid only in limited cases. The 
theories of Leverett and Stall man consider accelera
tion to be an important variable. lnertial effects arE 
o rdinarily neglected in flow through porous media; 
in fact, Darcy's law applies only when inertial forces 
c an be neglected . The validity of this law has been 
thoroughly demonstrated, therefore scaling theories 
based on equal accelerations between model and pro
totype cannot be considered relevant to most practi
cal now cases. 

There is a great deal of similarity among 
several of the theories. For exam.ple , most of the 

, 

authors agree that the functional relationships be
tween capillary pressure , saturation, a nd permea
bility must be si milar for the model and prototYi*. 
On the other hand , there are some important dif
ferences; for example, there are three separate 
methods proposed for scali ng capillary pressure. 

Ma ny of the theories presented are quite in 
volved and so restrictive that it is doubtful if one 
could succeed in meeting all criteria in order to 
model a specific prototype flow system. As an 
example , Richardson gave a hypothetical exampl e of 
model properties as r elated to prototype pr-operties 
and found that the surface tension of the model fluid 
had to be adjusted to 3. 86 dynes per ce nti meter. It 
is very doubtful that a stable liquid could be produced 
with so low a surface tension . It should be pointed 
out that or the theories prese n ted here the only one 
that has been experi mentally verified is the Miller
Miller theory. 

Several of the theories allow for an arbitrary 
choice of the macroscopic length scale . If gravity 
flow is important in the particular problem , an 
arbitrary choice of the length scale will n ot properly 
model the ca pillary fringe. The Miller -Miller 
theory , however, r equires that Ld be the same for 
gravity flow with the same liquid in the model and 
prototype . 



THEORETICAL ANALYSIS 

Cal culations of moveme nt of fluids through 

porous media are extremely difficult if the flow is 

unst eady and the media not completely satu rated with 

fluid. A scaled replica of the prototype system 

afford s a convenient substitution for calculation. 

Systems of comparatively large size can be repro

duced on a small scale where fluid movement can be 

observed with relative ease. The aim of model 

design is to reduce the prototype size to some size 

convenient for laboratory use and to reduce the time 

scale so the model observations can be completed in 

a comparatively s hort time. 

Assumptions 

Severa l basic assumptions are necessary in 

order to simplify the analysis and make it more 

meaningfu l. Some are highly i mportant and others 

may not be. Only through future research can the 

importance of each be defined. The a nalysis presen

ted here is based on the following basic assumptions: 

1. T emperature and associated thermodynamic 

effects and chemical interactions are excluded 

from the liquid now regime under considera

tion. 

2 . The medium is homogeneous , isotropic , and 

physically stable. 

3. The medium contains interconnected inte rnal 

spaces sufficiently small so that the shape of 

interfaces between non - wetting and wetting 

fluids is not influenced by gravity. 

4 . The liqUid is uniform in its surface tension, 

contact angle , viscosity, and density throughout 

every portion of th e {low system. 

5 . The magnitude of the dynamic viscosity and 

density of the non-wetting fluid is negligibly 

small compared to the wetting fluid. 

6. The pressure of the non.wetting fluid is con· 

s t ant throughout the given flow system. 

7. The compressive forces of the fluid are neg· 

ligible. 

8. The inertial effects are negligible, i.e. the 

{low system obeys Darcy's equation. 

Basic Flow Equations 

Darcy's equation which describes steady flow 

of an incompre ssible fluid through a homogeneous 

and isotropic porous medium can be written in the 

fo r m : 
K, 

q" ~ V (P + p g z) (24) 
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where q '" volume flux of the fluid _. - LT - 1 

K , " effective permeability • __ L l 

P • fluid pressure 

" fluid viSCOSity 

p fluid density - _. FT~ L- 4 

g :: g ravitational acceleration 

, " vertical space coordinate - -. L . 

The continuity equation for fluid flow through a 

porous material can be written as 

div q:s _ :)(fPS) 

P " 
(25) 

where 0 Is the porosity of the mcdium and S is 

satUration; both quantities being dimensionless. 

Since , for incompressible fluids. p Is not a function 

of time nor space and fo r a stable material the 

porosity is constant, equation 25 can be written as 

d
. as 
lVq: · °Tt (26) 

Substituting equation l4 into equation 26 r ! sults 

K j e \' as 
dlv - '" (P + pg z) " ¢ ---;-

u w "t 
(27) 

which is the general relationship for non· steady flow 

of a flui d through a homogeneous isotropic porous 

medium. 

The saturation, S, is expressed as the ratio 

of the volume of liquid occupying the pores to the 

total pore volume. Another means of expressing the 

liquid content of a material is referred to as mois· 

ture content , 9, which is the ratio of the volume 

of liqUid occupying the pores to the bulk volume of 

the medium. Then, moisture content and degree of 

saturation arc related by 0" fS The substitution 

of * for S in equation 27 is oftcn uscd by soil 

physicists and is pointed out here to indicate the 

agreement of equation 27 with other forms found in 

the literature. 

Capillary pressure, Pc ' is defined as the 

pressure difference between the non.wetting a nd 

wetting fluid phases or 

p = P P 
c nw w 

(2:8) 

Since the non.wetting pressure is considered 

to be constant throughout the system and equal to the 

atmospheri c pressure, one may write 

p , p 
w 

(29) 



if atmospheric pressure is selected as the pressure 
datum. Equation 2:9 can be substituted into e quation 
2:7 if the equation in terms of capillary pressure is 
desired. 

Similitude for Homogeneous Medi a 

Brooks and Corey (2:) scaled a form of equation 
2:7 in order to determine modeling criteria for un
steady now of liquids through partial~:S saturated 

porous media . They substituted !jJ _,e for the . , 
term on the right side of the equation; thus equation 
2:7 becomes 

div [ Ke 'iJ (P + pgZ)] ' . aa
S

' 
U w et 

(30) 

where!jJ is the effective porosity and S is the 
effective e saturation. This docs not aJtcreth~ equation 
in any way since the substituted quantity is identical 
to the original one, as the following dIScussion will 
show. 

Burdine (3) developed an approximate equation 
Cor determining permeability. The term (S~S )/( I-S ) 
appeared in his analysis. r r 

S • • 
S-S , 
r-:-s , (31 ) 

The residual saturation, S , was defined as the 
s aturation at which the effe~tive permeability is as
s u med to approach zero . Corey (5) called this quall ty 
effective saturation or Collins (4) , in 1961, introduced 
a term similar to effective saturation . His relation
s hip is general i n that it applies also to the case where 
two liquids are nowing in the medium. 

The effective saturation actua lly refers to the 
fraction of effective pores that are occupied by the 
liquid. Those pores so small as to exhibit virtually 
zero permeability under hydrauli c gradients ordinar
ily found in nature are e xcluded from the analysis. 
I n a similar manner, these pores are excluded from 
the porosity of the material and dfe-ctive porosity, 
Q , is defined as 
• 

PZ) 

This quantity Is equivalent to the "drainable porosity, " 
a term used by drainage engineers. Since ( 1 - S ) 
is a constant for a given material and fluid and n01 a 

function of time, 

to 0 as 

" 

as, 
the expression 0e at is identical 

Brooks and Corey wrote equation 30 in dimen
sionless form by scaling the variables appearing in 
the equation . To accompUsh this, standard units of 
permeability , length, pressure, and time were 
chosen. The standard units were designated as 
K , L , P, and t respectively, and were selec -

o 0 0 0 

ted such that they would be significant characteristics 
of the system. 
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Scaling equation 30 wilh the standard un its 
re:-lults in 

tl K P J ~K [P (pgL I z J~ as :'fu: LodiVKe(LY)pW+T"L "at;, 
oe 00000 

( 33) 

which is a dimensionless equation in which ,h. 
t K P pgL 

constants 00 0 and __ 0_ appear. 
Lo~u¢e Po 

The standard units were chr>sen as follows: 
K, the saturated permeability, wa s select ed as the 
standard Wlit of permeability It is a constant for a 
given medium. The bubbling pressure. P

b 
• was 

selected as the standard unit of pressure. Bubbling 
pressure is the minimum capillary pressure on the 
drainage cycle at which a continuous non - wetting 
fluid phase exists in a porous medium. It is a cons 
tant for a given w{'tting liquid and medium. The 
manner in which the bubbling pressure was obta ined 
Is explained on Page (Appendix I). Since P

b 
was 

chosen for the standard pressur e, the sta nd ard length 
was necessarily chosen as Fb /pg in ord{'r that the 
second constant, mcntiont'd above, would be eqU"l1 
to unity. The standard uni t of t ime was such as to 
cause the first constant, above , to be equal to unity 

Summarizing. the s (' lected standard units 
were : 

I. K 
o 

K, thl:" pcrmt'ability of the medium at 
complete saturation. 

P , the bubbling pressur(' for the given 
riledium and liquid. 

3. Lo" Pb/pg 

4. to = P buQ/K(pg)z . 

Substit uting the standard uni ts into equation 33 
gives 

Div . ( K.\,7 . (P.+ z.)] • as./at ( 34) 

where the dots deslgnale scaled variables or opera
tors with respect to scaled variables. It will be 
noted ihat the scaled permeability is merely the 
relative permeability and the scaled saturation is 
effective satura tion. 

Equation 34 will yield identical particular solu
Hons in terms of scaled variables provided that: 

1. Geometric simi litude exists. This condition 
is satisfied only if cor r esponding lengthS which 
ar e c haracteristic of the macroscopic size of 
the system ar e ident ical multiples of the length, 
Pb/pg. It i6 necessary to choose only on~ 
characteristic length as the size requi rement 



is s atisfied i f the ratio Pb/ pgL is identi cal 
for any two systems under considera tion. 

Microscopic geometr ic similitude is not 
explicitly detailed in this theory. However, the 
following condition of similarity does, in fact, 
Imply that microscopic. similarity is obtained. 

Z. The functional relationshi ps betwe en K. , P. , 
and S . are identical for both systems . The 
relationship between K and P , for any 
given material , has bee~ found t& be a powe r 
function for Pc> P

b
. For capillary pres· 

sures less than bubbling pre ssure K does 
not vary with pressure and is therefo1-e the 
constant K or maximum permeability. Then , 
if K . is plotted as a function of P for a 
given material the relationship woufd be repre · 
s eoted by a straight line on a log · log plot for 
Pc> P

b
· The slope of this line is referred to 

as '1. Now, if K. is plotted a function of P. 
the curves would coalesce for a ll materials 
having equal values of Fj • 

This criterion , then , demands that two 
si milar media must have the same value for 
Fj , where : 

d(ln K.) 
r)" d(JnP) for Pc>Pb , (35) 

Brooks and Corey (Z) have found that if 
t WO materials have similar scaled pressure· 
perme ability relationships, they will also have 
similar scaled capillary pressu r e · effective 
saturation relationships. 

3. The initial a:1d boundary conditions in t erms of 
s caled variables are simila r for 

~ s y s tems. the scaled time being 
P b 0(: 

It is inte r esting to note that, for non · g ravity 
sy s te ms, the fi rst requirement can be eliminated 
since it oriiinated from the i r avity term of equation 
33. The length scale could then be chosen arbitrarily 
and the only requirement for si milarity would be 
equal 7)'S a nd equal sca led time values. There fore, 
fo r a non·gravity system a prototype material could 
be used in the model. However, there are few s uch 
syste ms of practical significance. Of course, the 
scaled time requirement can be eliminated for flow 
syste ms involving only steady state. 

It is conveni ent to tabula te' the scal ed variables 
r esulting from thi s theory. 

Mic r oscopic geometry 

I P . p , • P
b 

press.ure of we tt ing phase 
( 36) 
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1'1, " 1'1 representation of relations hip 
betwee n Ke and Pc (3 7) 

Macros copic vari ables 

Flow 

L. eL L length 
Pb 

t. 
( es: )~ K 

time 
Pbu¢ e 

" flow volume flux q. pgK q 

Q. q. t. • .-f.L.. q t : --.eL Q 
Pb~e Pb ,\ 

properties of the 
K 

flow volume 

med ium 

K .'" K , • 
K permeability 

S. s S 
e 

s-s 
r s aturation 

I:S , 
¢. '* ¢e '"' ( 1 • Sr)!jJ porosity 

Summary 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

The approac h pr esented here Is similar to that 
of Mille r 's , how ever it is restricted to the drainage 
cyc le. Brooks and Cor ey stated, however , that even 
when hysteresis is a factor there is a possibility that 
the theory is valid . Neither theory allows for an 
arbitrary choice of length s cale if g ravi ty now is to 
be considered . This indicates that the capillary 
fringe s hould be adequately accounted for in either 
In fact, the length s cale called for by the Brooks · 
Corey theory demands that the capillary fringe be 
precisely s caled since bubhling press ure he ad is 
ana logous to the capillary fringe depth. 

Brooks and Corey scalt!d capillary pressure 
by dividing it by the bubbling pr essure , a property 
of the medium a nd the liquid. Miller and Miller 
scaled this quanti ty by dividing by the s urface ten · 
sion of the liquid and multiplying by s ome s tandard 
microscopic length. Thus , in both cases , pressure 
was scaled using properties of the m edium and the 
liquid, Sinc e , 

P • " [! + ~ J (45) c It
j 

R 

where Rand R
Z 

refer to the radii of the inter
face betw~en the wetting and non · wetting fluids , it 
was logical to choose 11" and a mic roscopic length, 
d. as parameters to scale c a pillary press u.r e . 
Bubbling pressure, being a specific capillary pres · 
s ure, is also a function of 11" and d. 



Millerllfld Miller scaled permeabll1ty by 
dividing it by d 2, Brooks and Corey .lcaled It 
by dividing by the permeability at complete satura 
tion, Here again the similarity of scaling is ap
parent. In fact, Elrick, in testing the Miller theory , 

K 
defined d as the quantity which would cause -f 

d 

at complete saturati.on to be equal to one. This, of 
course , is exactly what is called for in the Brooks 
Corey theory. 
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According to Miller and Miller, the Hysteresis aspect 
of their theory is based on the conclusion that "as the 
capillary pressure is changed until the end point 
pressure for the existing inte rlace shape 1s attained, 
the Indicated cross over (hysteresi s) win occur just 
as this pressure is reached, regardless of the time 
rate at which it was approached" . If this, in fact, 
is the case, it is likely that the Brooks-Corey c r i 
teria will scale hysteresis as well as the Miller 
Miller criteria. 



EXPERIMENTAL PROCEDURE 

The validity of the scaling laws was checked by 
testing non -steady state now through materials sca led 
according to the theory. One -dime nsional now was 
used because of its experimental simplicity. The 
experiment provided a valid test of the theory , since 
the scaling criteria are not related to the number of 
dimensions used. 

All tests were made with columns of porous 
material packed into lucite tubes. The columns had 
a cross - sectional area of 7 . 94 cm Z and were as 
sembled to the d esired lengths by taPing short sec 
tions of tubing together. This was done to allow air 
to enter the media at all joints between th e short 
lengths of lucite tubing. 

Sand s were used as the porous media for most 
or the exper iments. One experiment was performed 
with a fragmented clay material in order to repre 
sent properties unattainable with sands. All media 
were unconsolidated. 

The liquid (wetting nuid) used was a hydro
carbon oil , which is a core test nuid referred to as 
Soltrol "C". This oil was used because its low (23 
dynes/cm.) s urface tension facilitates experimental 
work involving a mixtur e of liquid and air. Also, oil 
being non - polar does not create swelling of c lay 
particles which might alter the physical properties 
of the m edia during experiments. 

Packing Columns 

The tubes were filled with media through a small 
(1/2 inch I . D.) lucile tremie which initially extended 
to the bottom of the columns. The tr emie was filled 
with thoroughly mixed dry material through a funnel 
and was slowly withdrawn until the tubes were com
pletely filled. The entire column was then vibrated 
until the desired bulk density was reached. The short 
columns were vibrated with a Jackson (10) soil column 
packer. Columns too long for this packer were pack 
ed by vibrating the entire column with a hand vibra 
tor. One of the columns (146.5 cm. In length) re
quired tamping as well as vibrating in or der to obtai n 
the desired bulk density. 

The vibrations, of cour,;.-e , caused settling of 
material and initially full tubes were less than full 
after vibrating . To eliminate discontinuities in the 
media , the columns were made extra long, filled , 
vibrated, and the n the extra length was removed be
fore experimentation. The extra length was pro 
vided for by merely taping an extra 10 cm section of 
lucite tubing on the end of the column. 
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Determining Media Properties 

The scaling criteria require that certain fluid 
and medium properties be know n before adequate 
modeling studies can be made. These properties 
include permeabi li ty , K , bubbHng pr essure, Pb 
11 , porosity, I/J, residual saturation, Sr ' ef
fective porosity, Oe ,and bulk density Pb . 

The method used to determine the relationship 
between pressure and effective permeability for a 
given medium. required mea~lUring the effective 
permeability at various capillary pressures. A 
s hort column of mater ial was used for this. All of 
the above properties were obtained either from the 
ca pillary pressure-effective permeability data or 
from samples taken from the column us ed to obtain 
these data. A detailed discussion of the procedures 
for determini~ these properties is presented in 
Appendix 1. 

Testing the Theory 

The adequacy of the scaling criteria was deter
mined by first finding two media that behaved simi
larlyon the drainage cycle. The two materials 'Used 
were 

1. Poudre sand - This material came from the 
Poudre River in Colorado a nd is mostly of 
granitic origin but also contains considerable 
mica. The natural sand was screened and 
size fractions were recombined in order to 
give a uniform particle size distribution. 

2 . Crab Creek sand· This sand came from wind
blown deposits along Crab Creek in Washing 
ton. It is of basaltic origin and undoubtedly 
exhibits some secondary porosity. This ma 
terial was used in its natural state. 

It was discovered that these two sands have a 
very similar scaled pressure - permeability rela 
tionship on the drainage cycle. The r1 values tor 
each are approximately 10 depending somewhat on 
the density ot the particular packing. 

It was necessary to establish an W\steady state 
process in order to c heck the time s.cale. This was 
done by allowing an initially saturated column of 
material to drain under the force of gravity. The 
two materials proved quite suited to such a study 
since even though the I] values were the same , the 
bubbling pressure head for the Poudre sand was 39 . I 
cm of oil, while that of Crab Creek sand was only 
13 . 9 cm . This meant a length scale ratio of 2.81:1. 



A column of Poudre sand was packed to a 
length of 146, 5 em and a. column of Cr ab Creek sand 
to a length of 5l. 1 cm. The properties K , Pb/pg, 
and 11 were determined on these long columns . 
Actually , since the bubbling pressures were not ac 
curate ly known beforehand, the columns were not cut 
to the above mentioned length s until after these pro
perties were determined . At this time a gr aded fil
ter was constructed on the bottom of each column so 
that there would be a minimu m of exit resistance 
during the drainage process . 

The columns were then saturated and connected 
to the inflow barrier. The experimental apparatus 
was essentially the same a s that used to measure 
media properties which Is presented in Figur e 9 . 
The tensiomete r s wer e connected to their respective 
manometers. T he out!low tube was adjusted so that 
the water table in the column, as measured with a 

tensiometer previously installed around the sand 
filter , was exactly at the bottom of the column of 
material. The inflow was lowered until the scaled 
capillary pressure , P . " Pc/Fb , on the t op of the 
column was approximately O. 4 . At this point a ll 
tensiometer leads were pinched off and then the in
flow lead was pinched off . The instant that the inflow 
was stopped , time was started and outflow measure 
ments versus time wcre made . They were continued 
until the flow rate was essentially zero. 

I I 

These data were then properly scaled and com 
pared to determine if the two media having similar 
11 values could be represented by the same scaled 
curve . The scaled discharge , Q." ~ Q was 

b ' e 
plotted versus scaled time, t. .. K (pg)1 

Pbu li'lc 
t . 



UNSTEADY DRAINAGE OF SIMIL AR MEDIA 

The time scaling parameter was verified by 
allowing two colu mns , similar in all respects, to 
drain under gravity flow . The materials , Crab 
Creek a nd Poudre sand, were pac ked into long 
columns. The various pr operties were d etermined 
on these columns and the resulting parameters are 
presented in Table 1 . 

Table t . Scaling parameters for two long columns 
of i'la d" • m> r me la , 

Poudre Crab Creek 
Sand Sand 

n 9 . 90 9.7 

P 
b/pg 39 . 1 13 . 9 

(cm) 

K 
(~ I) 

3.4 29.47 

L 146.5 52 . 1 
(cm) 

P 
b 1. 47 1. 54 

gm/cc 

p. 
2. 74 2 . 79 

lszm/cc 

S 0.125 0 . 148 , 

<I 0.464 0.448 

"e 0 . 406 0 . 382 

Combining parameters reported in Table 
into scaled quantities indicated that 

Z. The scaled length of each column was 

3. 

!£i • P
b 

3. 75 

The time ratio was approximately 

I/~ (pg)~) !l ~ (pg)l I z 25 . 9 whe re the 
b llge cll b ll lie p 

subscripts p and c refer to Poudre and 
Crab Creek sands respectively. 
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This indicates that the Crab Creek column . 
which can be considered to be a model of the Poudre 
column was only O. 36 times as long as the Poudre 
column and the flow process would occur approx
i mately 26 times faster. 

When the columns had been resaturated and 
installed for the drainage test . the inflow height was 
adjusted to the initial condition . The initial con 
dition obtained on each column was: P . • 0 at the 
bottom of e ach column and the scaled preasure at 
the top was 0.49 for the Poudre sand and 0.42 for 
the Crab Creek sand. These top initial conditions 
were not precisely the same; however , i mmediately 
upon stopping the inflow , the pres s ure at the 
column tops increased to P. > 1 . 0 and the minor 
difference was considered negligible . The reason 
that a small amount of capillary pressure was de
sired at the top initially was to ensure that there 
would be no leaks through the lucite section joints 
forming the column . 

As the inflow was stopped, a stop watch was 
started and the unsteady drainage was begun. The 
outflow and time were recorded at sufficiently small 
intervals to allow complete descriptions ot the dis· 
charge -time relationships. 

The unsealed diseharge · Ume relationships are 
shown graphically in Figure I , while the coalescence 
of these data when scaled is demonstrated In Figure 

• ....£.L. K (pg) ~ . 
2 . Sinc e Q. P Ii Q and t. '" P ¢J t. It 

b e b ~ e 
was necessary to record the temperature in order 
to compute u /p . Complete data obtained during the 
drainage process are presented in Appendix rtl. 

The unsealed data together with the scaled 
relatwnship indicate the validity of the time sce.ling 
criterion . The coalescence;: of data into one rela 
tionship is excellent. The data for the longer column 
do not follow the model data exactly near the end ot 
the experiment. How ever , in order to arrive at the 
scaled time indicated, the long column drained for 
a total of l Ot . Z hours while the data for the short 
(model) column were obtai ned in only 10. 3 hours. 
Error due to evaporation at the outflow tube and dif
fusion of liquid from the column through the joints 
could account for the minor difference in discharge 
since such a long ti me was required to drain the 
long column. 
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UNSTEADY DRAINAGE OF DISSIMILAR MI!:DIA 

To demonstrate the effect of the value of the 
parameter 1) on nonsteady drainage of a column , 
two columns having vastly different values of thi s 
parameter were packed and drained. The mater ials 
used were Pullma n clay and the 246 - 295 micron 
fraction of P oudre sand referred to herein as 
Poudre sand (uniform) . T he columns were cut to 
the same scaled length as those used in testing the 
theory. Th ey could not , however. be considered 
similar because 01' their different 1'1 values . The 
scaled capillary pr essure - effective permeability data 
for each are presented i n Figure 3 along with that of 
Crab Cree k sand for com parison . The pertinent 
scaling parameters are given in the following table . 

Table 2. Scaling parameters for three dissimi lar 
media . 

Pullman Crab Creek Poudre Sand 
Clay Sand (un iform) 

, 3 , 8 9 , 7 18 .4 

Pb/ pg 
7,6 13.9 11 .6 

(em) 

K 14.7 29 . 47 56.67 (IJ l) 

L 
28 .5 52 . I 43 . 5 

(cm) 

'b I. 25 1. 54 1. 53 
(gm/cc) 

'. 2.60 2 . 79 2 . 6 7 
(gm/ccl 

S 0 . 000 0 . 148 0. 191 , 
0 .51 9 0 .44 8 0 .429 

0 . 519 0 . 382 0 . 347 
• 

T hese columns were drained s tarting with the 
initial condition of P . • 0 at the bottom , while the 
top press ure was 0.40 P . and 0 . 44 P. for the 
clay and sand respectively. The scaled results 
appear in Figure 4. Complete data are pre sented 
in Appendix Ill. 

Due to the complexity of the differential equa 
tions describing flow, there are two assumptions of 
ten used in approximating ground-water flow . The 
s aturated flow t heory ignores the now in the capil
lary fringe and assumes that all now takes place 
below the water table. The capillary tube theory 
treats the porous media as if it were a series of 
c apillary tubes . 
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These as s umptions were used to determine 
the scaled discharge - time r elations hips r esulting 
from each in order to compare them with the data 
obtained fro m actual media and are also presented 
in Figure 4. The theor etical analysis resulting 
from each assumption is pr esented in Appendix IT. 

T he information shown in Figure 4 indicates 
the influence of the value of the parameter 11 on the 
discharge - time relations hip . It should be pointed 
out that these data represent discharge from colu mns 
having a scaled length of 3 . 15. The curves would be 
different for various other scal ed lengths. In fact , 
it appears reasonable that the greater the scaled 
le ngth, the less influence that n would have on the 
relationships . Since the s caled length is the actual 
length divided by the bubbling pressure head, the 
greater the scaled length becomes , the less influe nce 
the capillary Cringe de pth (represented by bubbling 
pressure ) has on the total amount drained from a 
particular column. In other words, if the columns 
were long e nough , most of the drainable liquid would 
be removed and the total scaled amount removed 
would be almost the same for all columns r egardless 
of the value of n for the particular media. 

These data also indicate that the influe nc e of 
11 becomes less pr onounced as n increases. T he 
difference in the relationship Cor 11 ,. 3 . 8 and 
1) .. 9 .7 is gr ea ter than the difference betwee n 
11 .. 9 .1 and 11 -> CD. This is to be expected since , 
for high 11 values, the effective permeability re 
duces tremendously with s mall increases in ca pil
lary pressure and whether l'J is 15 or 25 makes 
very little difference since these values are both 
very h1i h. The saturated pores of media with high 
n's empty rapidly until the capillary pressure 
r eaches a value greater than bubblin g press ur e 
after which the dr ainage process 18' greatly slowed 
due to the s udden dr op in effective permeability 
associated with small capillary press ure increases 
above bubbling pressure . After the initial s urge o f 
outflow there is also very little dr ainable liquid le ft 
since a medium with a high 11 value must have 
rathe r uniform pore sizes . In fact , a9 the pore sires 
all approach one particular size 11 - > (0 . Thi s is 
the reason for indicating that a capillary tube is 
analogous to a medium having infinite 11 

The theoretical systems r epresented in Fig ure 
4 indicate the extent or e rror involved in making 
such a ssumptions. The saturated now theory which 
ignores the capillary Cringe does not r e present the 
flow process well and the amount drained i n a given 
time was apprOximately 40 percent in error early in 
the now process and this error became greater as 
the column drains further. The capillary tube theory 
follows the true relationships quite well for media 
with high 1) values. T his s hould be true since media 
with uniform pore sizes are, in fact , analogous to 
capillary tubes. 
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SELECTING MEDIA FOR MODELS 

Actual model studies could be made for proto 

type systems which contaJned media of either high I'l 

values or low I'l values . There are many problems 

in engineering whic h would involve filter materials 

constructed of rather uniform s and sizes. In this 

case, the model would of necessity have to be con

structed with material having a high rJ value. On 

the other hand, agricultural soils generally possess 

a wide range in pore sizes and therefor e have low rJ 

values. There is need , therefore, for model 

materials with a wide range of the parameter rJ. 

The model medium should also have a much 

lower bubbling pressure than the prototype material. 

Since bubbling pressure is the standard Wlit used to 

compute the length scales, if the model media did 

not have a sufficlentl)! low bubbling pressure, the 

size of the model would approach that of the proto

tYl'e . The amount of model size reduction, of 

course, depends on the particular problem being 

studied but in general one would want a size reduction 

factor of at least two, 

Model media , then , should be available with a 

wide range of rJ values and all should possess rather 

low bubbling pressures . It appears tha t this will 

present little problem since in this s tudy such 

materials were found or synthesized a nd as future 

work progresses other media will become available. 

Finding high I'l media presents little difficulty 

since any material of uniform particle size will pos 

sess a high rJ value because the pore spaces will 

also be rather uniform. The bubbling pressure of 

such media can be controlled by selection of the par 

ticular size of uniform material used. 

Intermediate I'l values (8 _1 2) can be obtained 

from sands which themselves exhibit secondary poro -

16 

sides or the grains themselves are porous. Sands 

of basaltic origin possess this property and also 

possess rather low bubbling pressures. It would 

appear that one should be able to mix sands in such a 

manner as to create media of intermediate 11 values 

also. 

Media possessing low rJ values and low bub 

bling pressures can be artifiCially developed by 

starting with tightly cemented clay aggregates and 

breaking them up into fine aggregates until the de 

sired aggregate s ize is obtained , Such a medium 

would possess a very wide range of por e sizes yet 

have large pores due to the large aggregates present. 

Such a material would have to be modeled with a non 

polar Uquid , however , so that the aggregates would 

remain stable throughout the now process. 

The question of how close the model rJ va lue 

must be to the pr ototype value before the media are 

sensibly similar will be important in model studies. 

Of course , to be truly similar the values must be 

exactly the same . This question was not studied in 

this research; however , some comments can be 

made , 

Prototype mat~rials possess ing high I'l values 

(above ( 5) could undoubtedly be modeled with 

materials having rJ values within + 20 percent of the 

prototype media. However , media-With low va lues 

(3 - 8) should be modeled with media having rJ values 

within + 5 percent of the true values. The above 

statement is based only on the experience gained 

in this study and the data shown i n Figure 9 , there 

fore it should be evaluated as s uch. Further studies 

are needed to answer this important question more 

precisely . 
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HYSTERESIS 

The scaling criteria were developed utilizing 
the various parameters (K , Pb/pg , 1') determined 
from the drainage cycle . The values of these three 
parameters are different tor imbibition than they are 
for drainage. It was not known , therefore, whether 
or not the laws would be valid if pressure reversals 
were encountered and hysteresis became important 
in a particular problem. 

T he adequacy of the scaling criteria for imbi 
bi tion, given that two media b ehaved similarly on the 
drainage cycle , was determined by first finding media 
that behaved si milarly on the drainage cycle . The 
two materials, Crab Creek sand and Poudre sand , 
used for the non- steady drainage test were used to 
run hysteresis loops of the capillary pressure 
effective permeability relationships . After the drain
cycle r elationships were determined for these 
materials , the imbibition cycle relationships were 
determined by measuring the capillary pressures and 
effective permeabiliti es at various points on this 
cycle . The scaled data wer e then plotted using the 
parameters from the drainage cycle . 

The hysteresis loops were determined on short 
columns of media. The two materials , Poudre sand 
and Crab Creek sand, which behaved Similarly on the 
drainage cycle, also reacted Si milarly on the imbibi 
tion cycle. The pertinent parameters of each are 
presented in Table 3. 

Table 3. Scaling parameters tor two similar m edia. 

Poudre Crab Creek 
Sand Sand 

qd 9.60 9.70 

Kd 
4 . 84 27.35 (Il~) • 

Pb/pg d 32 . 20 13. 00 
(em) 

q ! 6.20 7 . 00 

K! 2 . 53 15.40 
(11 1) 

P/pg i 18 .00 7.70 
(em) 

2 2 - 8 • u. is the symbol for square microns'" em x 10 

The subscri pts (1) and (d) refer to the quanities as 
measured on the imbibition and drainage cycl es 
respectively. The graphical representation of these 
relationships ,is shown in Figure 5. 

t7 

The scaling theory requires that effective 
permeability, K , be scaled by dividing it by the 
permeability, K; and that capillary pressure be 
scaled by d ividing it by bubbling pressure or 
K .• K /K a nd P .• P /P

b
. When the information 

presenfed i n Figure 5 wi s scaled a ccording to the 
a bove , the result was a coalescence of data as indi 
cated in Figure 6. 

Klute and Wilkinson (1 1), in testing the Miller 
scaling theory, found that individual size fractions 
of a given sand reacted quite well as similar media. 
Poudre sand was sieved into various size fractions 
and hysteresis loops were run on each particular size 
fraction. The measured parameters of each are 
represented in T able 4. 

Table 4. Scaling parameters for various size 
fractions of Poudre sand 

~~ Size qd Kd Pb/pgd q, K, P/pgi 
Microns 

('" 2) (em) ('" 1) (cm) 

74 _1 04 16.6 11.46 27.0 9.6 7.61 15.0 
104 - 147 16.7 16.68 21. 2 11. 7 9.93 12 .9 
147 - 175 17.5 26.31 16.8 11.4 11. 21 9.' 
175 - 246 16.7 44.36 12.8 10.5 14.87 7 .6 
246 - 295 ta.4 56 . 67 11. 6 10.0 29.5 5 6.7 
295 - 4 17 15.7 79 . 91 9 . 3 10.8 40. 11 '.4 

T he drainage cycle data for the various size 
fractions are shown in Figure 7. For clarity, the 
data from the imbibition cycle were not included. 
Upon scaling these relationships , it was found that 
the fractions do , in fact, behave as similar media. 
Figure 8 contains these scaled data. The data from 
all of the various hysteresis loops are contained in 
Appendix III. 

The hysteresis loops of the capillary pressure 
effective permeability relationships for similar 
media indicate that the criteria is, in fact, valid for 
imbibition as well as drainage. At least for steady 
state flow, two media which are found to r eac t 
similarly to drainage will perform Similarly on the 
imbibition cycle. Since non-steady imbibition was 
not studied, one cannot state that the scaled time 
factor is valid for this cycle. However, scaled time 
includes those parameters used in scaling the 
hysteresis loop and it is quite likely that this scaled 
parameter is also valid for the imbibition cycle. 

Evidently there is some relationship between 
the parameters as determined by drainage and those 
found by imbibition. The hysteresis loops were run 
on similar media having only two different values of 
I') Therefore insufficient experimental evidence 
was obtained to deduce these relationships. These 
data indicate, howev er, the possibility of such rela 
tionships . F or example , 



•• 

-J 

: 

f , 
! 
• 

M 

Figure 5. 

-- ~,., .. ,. 
(' 

.... ,." .. ~ 

~." , ... 
(, .. c.o .. . _ 

•• C_ .... _ .. " __ ~d ... 1 •• 1 

Capillary pressUr e-effective permea.bUity rela
tionships for Poudre and Crab Creek sands . 

-, I 

-............ 
Ct ....... ... . 

-

"-l-i 
I-

sco". c •• ',,,, , , .... ". -. 

Figure 6. Scaled capillary pressure-effective permeability 
relationship for Poudre and Crab Creek sands . 

18 



.... Ito .. 

, • • '0' 
'00- .. , 

... _n. 
_- 0" 

-;1 

-
. 

. 

-

-
-
-
-
-

, I , I , o---"--"--'-"c,~.--'---'-'-L!.".--''-_JL-''-'' ... 
Figure 7. 

Figure 8, 

1 
; 
i 
1 
§ 

• , 

C ....... .............. J','" 1 ... , 

Capillary pressure - effective permeability rela
tionships for various size fractions of Poudre 
sand . (obtained on the drainage cycle) 

........... 

_ S;, •• ... _ ... ---.. , 
'''-... -.... 
_.01' 

: ... ':--'--'--'-'~c'-"'-_JL-"'-L!~ .~ .... .. .. 
5<., .. c",,, ... , ......... -. 

Scaled capillary pressure- effective permeability 
r elationship for various size fractions tiC Poudre 
sand. 

19 



(P
b

) "O.6(P
b 

) 
i d 

(46) 

is valid for each of the materials tested in this study, 

where the subscripts refer to the imbibition and 

drainage cycles. 

T here was no obvious constant relationship 

between the 11 values nor the permeabiliUes at zero 

capillary pressure as determined from the two cycles. 

This was to be expected ' with permeability since the 

value o( the max.imum permeability obtained by 

imbibition is a function of the time the co lumn is 

allowed to flow at the low values of capilla.ry pres 

sure. Bloomsburg and Corey (1) found, that , if a 

column is allowed to flow sufficie ntly long, the 

imbibition permeability will eventually increase to a 

value equal to the drainage permeability, The reason 

(or the lower value initially is due to the air that is 

zo 

e ntrapped and if allowed to operate long enough the 

air leaves the media by diffusion , thus the permea

bility increases to its drainage value, In this study 

no attempt was made to allow for diffusion of air, 

therefore the permeability values varied somewhat "" 

from column to column and undoubtedly were a 

function of the rapidity with which the data were 

obtained. The rate at which air diffuses out is a 

function of pore size and flow rate according to 

Bloomsburg and Corey. For static conditions a fine 

grained qlaterial becomes completely saturated 

faster than a coarse grained material, However, 

when flow occurs dissolved air is carried out with 

the liquid and coarse media, being more permeable 

than fine media,. might reach complete saturation 

first. Therefore whether or not this range of 

pressures can be scaled is somewhat dependent on 

the flow rate. 



SUMMARY 

Scaling criteria were developed by scaling th e 
differential equation describing non·steady now in a partia:l: s[a~:r~ed(;r:U:g:~d~U:' :s:e equa;~:~ 

u w ~ e at 
is the result of combining Darcy's law with the CaI 
Hnuity equation as it applies to flow in a porous 
material in which the gas phase is everywhere at 
atmospheric pressure. 

The equation was scaled by selecting standard 
units of length. pressure , permeability and time. 
The bubbling pressure head was selected as the stan
dard unit of length. the bubbling pressure as the unit 
of pressure , and the saturated permeability as the 
standard unit of permeability. Scaling equation (30) 
with th ese units resulted in two dimensionless 
parameters Lpg/P

b 
and tK(pg)I /Pbutfle . 

The first of these parameters establishes the 
length scale ratios between model and prototype and 
the second establi shes the time scale ratio. Neither 
or thes~ ratios can be arbitrarily sel~cted since they 
depend on th~ particular properties of the media. 

The properties Pb/pg and K are properties 
defined from the drainage cycle of a particular 
m aterial. Therefore, theoretically, the scaUng laws 
apply to drainage of media. The criteria for similar 
media are summari'Z.ed below. 

T wo now systems are similar if; 

1. Geometric similarity exists. 

2. The functional relations hips between scaled 
values of K e ' Pc' and S are identical for 
both media. These relationships will be 
identical if both media have the same value 
of T) where T) : - d(ln K )/d (In P J. . , 

3. The initial and boundary conditions in terms of 
scaled variables are the same for both systems. 

This theory was experimentally tested by 
measuring media properties and selecting those 
media with equal T) values as model and prototype 
materials for further testing. 

It was discovered that two media reacting 
similarly on the drainage cycle would also react 
similarly on the imbibition cycle even though the 
standard scaUng units applied only to the drainage 
cycle. At least, this was tru~ for s t eady state imbi 
bition flow. A non - steady experiment involving 
imbibition was not performed. 

Zl 

Two columns of similar media having quite dif 
ferent values of permeability and bubbling pressure 
were subjected to an unsteady drainage process. 
Since the similar media had a wide variation in 
bubbling pressure one column was considerably 
shorter th an the other and since the permeabilities 
were also quite different the time scales between 
the two we.re tremendously different. The short 
column , considered here as the model, was only 
0.36 times as long as the long column (prototype). 
The process occurred approximately 26 times 
faste r in the model than in the prototype. 

The columns were initially completely satura 
ted and then allowed to drain under eravity flow 
until the now rate became negligible. The volume 
of liqUid removed was m eas ured at increments of 
time. These quantities were scaled accorping to the 
theory and plotted to d etermi ne if each column fol 
lowed the s ame scaled discharge - time relationship. 
The scaled quantiti es were Q .• ~ Q an d 

( )IK b e t .• ~j t where Q. is the scaled volume 
b" e 

removed per unit area and t. is scaled time. 
These data coalesced into a single scaled curve 
exceptionally well indicating that the scaled parame
ters were well chose n and the theory valid. 

To demonstrate the effect of using dissimilar 
media , two columns of media with quite different T) 
values were also drained. This allowed a compari
son of the drainage relationship between three 
values of Tl for one scaled colu mn length. These 
values ofT) (3. 8, 9.7, and 18.4) represented a wide 
range since, according to Brooks and Corey (2) , 
theoretically the smallest T) value possible is 2 and 
the value of 18.4 is quite high for a natural medium. 
These drainage data indicated that the value of this 
parameter does significantly affect the drainage pro
cess. Differences, however , are more pronouned 
with low values than with high values of T) 

Modeling media must possess the same value 
of 11 as the prototype media. Therefore, it is essen 
tial to have available model materials with various 
values of this parameter. The modeling materials 
should also possess low bubbUng pressures in order 
that the model - p'rototype length ratio will b e reason 
able . The variations of 11 listed above we r e readily 
obtained by proper selection or synthesis of media, 
therefore these c r iteria should pla ce little re stric 
tion on future model studies. 
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APPENDIX 1. MEASUREMENT OF MEDIA PROPERTIES 

The scaling criteria required that certain nuid 
and medium properties be known before adequate 
modeling studies could be made. These properties 
included permeability, K , bubbling pressure. Pb , 

T) • porosity, tf; , residual saturation, Sr' and 
bulk density, P b' A discussion of the method s used 
to determine these properties is presented here. 
The technique may be consider ed general in that they a pply whenever one wants to measure any of the 
above regardless of the type of s tudy. 

Capillary Pressure - Effective Permeability Rela
tionship 

A sketch of the apparat us used fo r the se deter
minat ions it! shown in Figure 9. The 14 em column 
of material is contained in 5 short sections of lucile 
tubing. The bottom 4 cm section is provided with a 
porous barrier to provide for drainage of the column. Two of the 2 cm sections contain tensiometers com
pletely encircling the column. An inflow porous 
barrier is provided at the top. The material used 
lor the porous inflow and outnow barrie rs and the 
tensiometers can be any porous m aterial which has 
a higher bubbling pressure than the greatest ca pil
lary pressurc anticipated in the particular experi
ment. or course. if it did not have the high bubblina 
pressure, air would become entrapped in the system and erroneous results would be obtained. The 
material used in this study wa s a porous plasti c, 
called" Porvic", which has a bubbling pressure head of approximately 180 cm of Soltrol oil, or 360 cm of 
water. 

The connections between sections of lucile tubing are provided with small openings to facilitate air 
entry into the media at capilla ry pressures greater 
than bubbling pressure. These openings are not 
continuou s from outside to inside the column. A 
groove is cut 1n the butt end of each section of tubing so that an air space is provided within the tubing wall at this point. This eliminates the problem of liquid 
being withdrawn from the media through the fine space which would be present at the joint if the sec 
tions were butted together without the annular air 
space. 

The column is completely saturated before at
taching it t o the apparatus since drainage cycle pro· perties are desired . This is accomplished by im
mersing the entire column in liquid in a chamber 
connected to a vacuum pump. Air Is expelled from 
the chamber until a nearly full vacuum is reached. 
Thi s pressure is held for approximately 30 minutes 
and upon release of the vacuum the m at erial is com
pletely saturated with liquid. 

The column is then connected to the apparatus 
as shown in Figure 9. Care must be taken so that 
air does not enter the material or the outflow, inflow, and tensiometer leads dur ing this operation. The 
inflow supply and outnow tubes are arranged before
hand such that the initial capillary pressure is near 
zero. 

The inflow and outnow tubes are then carefully 
lowered until a small capillary pressure exists in 
the material. After the now becomes steady. the 

Z3 

discharge rat e is measured and the tensiometer 
manometers read to determine the capillary pres
sure head. These readings should be corrected for 
the amount of capillary rise exhibited by the manom
eter tubes. 

These data then are used to calculate the effec
tive permeability from Darcy's law written in the 
form . 

uQ tiL 
pgtcH (47) 

where Ke is the effective permeability in square 
microns, Q is the volume of flow (em 3 /cml) 
through the column in time, t(secl. and 6H1~ 
is the pressure gradient (see Figure 9). Care 
should be taken to ke ep ~ equal to 6 L so that 
the capillary pressure is constant throughout the 
column. This is accomplished by adjusting inflow 
and outflow heights to maintain Ali at t he desired 
amount. 

After com puting Ke for the particula r 
P c~ g, the inflow and outnow tubes a r e again 
lowered to a new value of capilla r y pressure. When the flow becomes steady the effective permeability 
is measured as before. This process is repeated 
until the entire relationship between capillary pres 
sure and effective permeability is obtained. 

T he effective permeability does not vary greatly until the ca pillary prcssure has reached bubbling 
pressure. This is to be expected, since, until bub· bUng pressure is reached , the pores are completely 
filled with liquid and the effective permeability is a 
constant in this region. This constant permeability 
is the maximum for the medium and is referred to 
merely as permeability. 

The parameter 'l i s defined as the negative 
o fd(ln Ke ) / dOn Pc) for Pc> Pb· The 
value of 'l ,then, can be determined from the 
graph of the <-apillary pressure - effective permeability dat:. Brooks and Corey (2) defined bub
bling p ressul e as the extrapolation of the straight 
line relationship between Pc and Ke to the 
ordinate representing Ke K. This particular 
value of capillary pressure is called bubbling pres· 
sure because it has been found experimentally that, 
for homogeneous and isotropic media, it is very 
close to the capillary press ure at which the first 
non - wetting phase now can be observed. The values 
of T) and P

b 
can be determined by a least 

squares anal YSis of the data, since this is undoubt
edlya more objective method than determining 
these parameters graphically. 

The technique of usini a short column to define 
media properties has several advantages over using longer columns. The colum n can b e packed more 
easily and undoubtedly more uniformly. It is easier 
to control the capillary pressure within the column, 
since the entire column r esponds to changes in out
now and inflow heights quite rapidly. Perhaps the 
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Figure 9, Sketch of apparatus used to dete rmine capillary 
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greatest advantage is the time required in deter~ 
mining the complete capillary pressure - effective 
permeability relationship. Each time the inflow and 
outflow is lowered to produce a higher capillary pres
sure in the column , onc must wait until the flow has 
reached steady State before a determination of per
meability can be made. With a short column this 
may be a matter of hours while a long column can 
take days to reach such a condition. 

This is not to imply that one should always use 
a short column to measure the properties of a 
material. For model studies, one should construct 
the model and then measure the properties of the 
medium in the model it self since with present tech
niques it is difficult to pack materials with the 
degree o f reproducibility that i s necessary to insure 
knowing the properties from a sample. This is, 
perhaps, the most objectionable feature of using the 
modeling criteria presented herein to scale a given 
prototype problem. In othe r word s , one does not 
know if the model contains a medium similar to the 
prototype until it is constructed and only then after 
these relationships have been measured in place in 
the model. This problem is not insurmountable , 
however, and with improved packing techniques, 
perhaps eventually one will be able to construct a 
model and know beforehand what the properties are 
by measuring them in a colwnn and ~cking them 
precisely the same in the model. 

A great many materials were tested in this 
study since a search for similar media was made. 
In making these many tests, several significant ef
fects concerning experimental techniques were noted 
and are worthy of mention. 

Packin& Colwnns 

As was previously mentioned, t he permeability 
is constant at capillary pressures below bubbling 
pressure and varies as a power function of capillary 
pressure above bubbling pressure. The transition 
zone between these two relationships does not appear 
to be unique and depends on experimental technique 
to a certain extent. 

It wa s discovered that this transition can be 
governed by the boundary effect between the column 
wall and the medium itself. The lirst colum ns 
studied were packed with the Jackson (1 0) packer 
which vibrated the column during the filling operation. 
However, some columns were packed by filling the 
tubes with material and vibrating only after the entire 
length was fiUed, It was discovered that the transi· 
tion of the Ke Pc curve fro m the constant 

K value to the power relationship was much ahar
plr in those colums which were not vibrated during 
the filling operation. In fact, some of the columns 
which were vibrated while filling had such a large 
transition zone that there were apparently two !l 
values for the material. 

Since !l is a function of pore-size distribution, 
it seemed unlikely that a given material packed uni· 
formly could possess such a characteristic. Upon 
close inspection of a vibrating column, it was ob
ser ved that at the top of the sand violent movement 
was taking place. The material seemed to circulate 
throughout the top i nch of the colwnn. This action 
caused a sorting of the particles with the finer 
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particles boiling up in the center and the larger ones 
being shifted to the column boundary. Then, if one 
vibrate: during the complete filling operation, this 
effect of sorting grain sizes is present throughout 
the entire colwnn length. When the K ~ P . , 
relationship is run on such a column, the material 
near the wall d esaturates first due to the large pores 
t here and the permeability lowers prematurely since 
the material in the center may still be completely 
saturated. Thus, the Ke Pc curve may 

exhibit an inflection as air finally enters the central 
aection, a fter which the" for the finer material 
is obtained. 

For the above reasons all columns used for the 
verification of the scaling t heory were vibrated only 
after being filled with material , Since vibration 
(even then ' caused sorting of materials on top, the 
top 10 em of each newly packed column was removed 
before testing. 

Technique for Raising Capillary Pressure 

The capillary pressure was rail!led to a new 
value simply by lowering the inflow and outflow tubes 
of the apparatus. It was discovered that the manner 
in which this was performed could also affect the 
transition zone between saturated permeability and 
the variable permeability. 

If, at capillary pressures just below bubbling 
pressure , the tubes were lowered a large amount, 
an unusually low permeability would result. This 
capillary pressure is very near the pressure at 
which air enters the material, therefore, a sudden 
jump to a pressure larger than bubbling pressure 
caused air to enter quite suddenly. The new pres
sure was not instantaneously exper ienced throughout 
the entire column and, st fi rst, only alfected the 
material near the inflow and outnow barriers. Air 
entered the se areas and acted as a dam fo r t he 
liquid remaining above . This sudden reduction in 
permeability is accompanied by a muc h lower dis
charge through the column which reduces the head 
loss through the capillary inflow arid outflow bar
riers. If the reduction is sufficie ntly large, the 
capillary pressure within the colwnn will a ctually 
be decreased even though the inflow and outflow 
tubes have been lowered. This lowerini of capi lla r y 
pressu re was observed many times before the tech
nique of using very small increments of pressure, 
near bubbling pressur e, was employed. 

The decrease in capillary pressure is not a s
sociated with an increase in permeability sin ce the' 
system is a pproa ching the imbibition process rat her 
than retreating on the drainage cycle. Inspection 
of any of the figures representing ca pillary pres
sure - efCective permeability relationships s how 
that reductions of capillary pre ssure caused no 
change in pe rmeability until the curve representing 
the imbibition process is reached. 

Capillary pressure reversals during the drain
age process, then. should not be tolerated since the 
flow system immediately approaches the imbibition 
cycle and erroneous results will be obtained. 
Should imbibition occur, o ne need not terminate the 
experiment and start anew. He need only inc rea se 



the capillary pressure sufficiently so that the pro· 
cess will again revert to the drainage cyc le. Of 
course, no data will be available in the area of the 
pressure reversal. 

This analysis emphasizes another advantaae of 
a s hort column. It is always desirable to keep the 
hydraulic gradient within the column equal to unity 
during these tests so that the capillary pressure will 
be constant throughout. Then, since pressure re· 
versals should not be allowed, if one lowers the in
flow an excessive amount, he cannot correct this by 
raising it but must obtain the correct gradi ent by 
lowering the outnow. In a lona column , this could 
mean no data would be taken over a large range of 
capillary pressure. Excessive lowering of either 
inflow or outflow is not uncommon since one ca nnot 
predict the change in capillary pressure which will 
result from lowering the inflow and outflow a given 
amount. The reason is that the capillary barriers 
used at the inlet a nd outlet provide a head loss and 
this loss is dependent on the discharge through them. 
Since one does not know what the now rate will be at 
some higher capillar y pressure. he does not know 
what this head loss will be. Since a great deal of 
time is required to reach steady now in a long 
column, one is too late in knowing that he has 
lowered either the inflow or outflow excessively. 

Porosity. Residual Saturation, and Bulk Density 

The porosity, 41 , of a material can be deter· 
mined by utilizing the bulk density, Pb ,of the 
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medium and the particle density. p s ,through th e 
relationship 

• • ( 4 ~) 

The bulk density can be measured by taking the 
entire amount of material in a section of the column, 
oven drying it , and weighing the dry material from 
the known volume of the column. The particle 
density, Ps is measured with a s tandar d pro· 

cedure using pycnom eter bottles. 

Since effective porosity. Q
e 

,is defined as 

(I • 5r ). it is necessary to measure residual 

saturation, 5r , beforehand. For sand materials 

this can .be done by measuring the saturation at a 
very high capillary pressure but for fragmented clay 
material a complete curve of saturation versus capil· 
lary pressure should be drawn and the method dis -
cussed by Brooks and Corey (2) used to calculate 
5r , The reason that it is necessary to run the enUre 

curve for clay material is that it has very fine pores 
and o ne cannot conveniently subject it to a surn· 
ciently high capillary pressure to ensure the medium 
being at residual saturation. 



APPENDIX D. T HEORETICAL ANALYSIS OF T WO ASSUMED DRAINAGE SYSTEMS 

Two theoretical drainage systems were pre 
sented in Fiiure 4. The analysis leading to these 
results is presented below . 

I . Saturated flow theory: 

A$J:Iume that drainage is complete as the 
front progresses down through the column and 
that it continues Wltil the fron t reaches the 
bottom after which there is no flow. Darcy's 
law for this case can be written in the form 

K dH 
q "' ; pg dZ (49) 

where H is the hydraulic head and Z is the 
elevation , both measured upward from the bot 
tom of the column. Since q is the volume flux 
of fluid it can be replaced by dQ/ dt. The gra 
dient , dH/dZ , is always 1 since this was the 
original assumption. Substitu ting these in 
equation 49 gives 

K dQ/ dt • - pg . 

" Integrating we obtain 

Q"~ t+c. 

" 

(50) 

But C" 0 , since Q" 0 when t" o. Then 

K 
Q "u pg t . 

Now, from the scaling theory 

Pb¢.elJ. 
t" (pg) zK t. 

(5 1 ) 

Substituting these scaled variables into equation 
S I gives 

Q. = t. (Sl) 

This indicates that Q. increases exactly as t. 
until all fluid is drained or until Q. " L. '" 3.7S 
in this case. 

2. Capillary tube theory: 

Here, it is assumed that the tube drains 
similarly to that in the above theory; however, 
in this case the tube cannot drain completely 
to the bottom since there will be an amount equal 
to the capillary rise which will never drain from 
the tube. This assumption is e quivalent to 
assuming a soil with an '1 valu e approaching 
infinity . The Hagen - Poiseuille equation des 
cribes such flow. It Is written as 
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_ R a Pg 
q - 8 LI 

dH 
dZ (53) 

where R is the radius of the capillary tube. 
This expression is analogous to Darcy's law 
where K" R2/8. For this case 

Z - h 
dH/dZ. __ 0_ 

Z (54) 

where h is the capillary rise in the tube. 
Since QOis the volume removed per unit area, 

Q"L-Z (5:» 

where L is the column length. As in the 
saturated flow theory , 

q " dQ/dt 

or from equation 55 

q • - dZ!dt . (56) 

Substituting equations :>4 and 56 into 53 gives 

0' 

-dZ/dt .!!....:......e! __ 0_ 
, [Z -h ) 
8u Z 

Z 
h - Z 

o 

R' dZ =~dl au . 

Integration of 57 results in 

(57) 

R' "' ho - Z _ h ln (h - Z) • ~ t + c. o 0 au 
When t" 0 Z" L then c" h - L - h inCh - L) , 0 0 0 

(

h - Z ' , 
L-Z-h ln _0_) • !!.:...£.g t . o h -L 81.1 

o . 
(58) 

Substituting Z • L - Q from equation 55 gives 

~ au t Q - h In [1_.....9...' = o L - h : 
0 1 

(59) 

For a capillary tube K" R~/ a , Pb/pg " ho 
and (> & 1; therefore • 

Q. h Q. and t" aRUthO t. 
o pg 

Substitution of these relationships into equation 
59 give s 

-~~~ ) ::t . 
o 

0' 

(60) 



since L. • hL for a capillary tube. Equation 
o 

60 describes the scaled discharge time 
relationship for a capillary tube. For the 

Z8 

particular case studied L. • 3. 75. This 
equation was used to determine the relation 
ship shown in Figur e 4. 



AP PEND IX III 

Media Properties and Drainage Data 
TABLE ! . CAPILLARY PRESSURE--EFFECTIVE PERMEABI LITY DATA 

FOR POUDRE SAND" . SHORT COLUMN 

Te mp . u/og x l Os OH/OL q X 1 04 P Ipg "-, K. °c cm . ec 6L '= 6 . 0 em/s.ee ccm 
" 

Dr aina ge 
2 5 . 0 1.868 0 .983 25 .61 6. 8 4. 86 1. 0 1 

0 . 983 25 . 37 12 . 1 4 . 8 1 1.00 
0 . 992 25 . 54 l E.2 4 . 8 1 1. 00 
0 . 983 25 . 39 21. 2 4. 8 2 1. 00 
0 . 983 25 . 61 2 3 . 5 4 . 87 1.01 
1 . 000 25 .49 26 .1 4. 76 0 . 99 
1 . 000 25 . 2 2 28 . 0 4.71 0 . 98 
1 . 000 23 . 4 9 30 . 4 4 . 39 0 . 9 1 
1 . 000 20 . 56 32 . 2 3 . 84 0 . 79 
1 . 016 1 7 . 77 33 . 5 3 . 26 0 . 67 
1. 000 12.69 34 . 8 2. 37 0 .4 9 
1. 083 8 . 96 36.4 1. 55 0 . 32 
1.058 2 . 89 4 0 .2 0.5 1 0 .11 
1.124 0 . 38 50.7 0 . 064 0 . 013 
0 . 992 0 . 04 62. 6 0.008 0 . 0016 

I mbi b i tio n 

25 . 0 1. 868 0 .917 0 .17 41. 0 0 . 034 0 .007 
1. 066 0 . 37 36 . 3 0.064 0 . 0 1 3 
0. 959 0 . 68 32 . 2 0 .1 3 0 . 027 
1.000 1. 65 28 . 3 0 . 31 0 . 064 
1. 032 4 . 05 24. 6 0 . 73 0 . 15 
0 . 950 9 .00 20 . 4 1. 77 0 . 37 
0 . 983 1 2 . 83 1 7 . 0 2. 44 0.50 
1. 000 13 . 60 12 . 7 2. 54 0 . 53 
0 . 983 1 3 . 32 2 . 6 2 . 53 0 . 52 

. 11 '" 9.6, Pb'pg - 3Z . 2cm, K - 4. 84 J.1 z, P
b " 1. 41 gmlcc, 

p ~ 2.7 4 gmlcc, ¢I " 0.485 , 

Z9 

P . 

0 .21 
0 . 38 
0 . 50 
0 . 66 
O. i ) 

0 . 81 
0.87 
0.94 
1. 00 
1.04 
1. 08 
1.11 
1. 2S 
1. :'7 
1. 94 

1. 31 
1. 13 
1. 00 
0 . 88 
0.70 
0.&3 
0.53 
0 . 39 
0 . 24 



TABLE l. CAPILLARY PRESSURE--EFFECTIVE PERMEABILITY DATA 
FOR CRAB CREE K SAND " , SHORT COLUMN 

Temp. ~/p g x 1 0~ 

°c em s ec 

25 . 0 1.868 

oW"" 
6 L - 6 . 0 

q x 103 

em/sec 

Dra i nillge 
1. 083 15 . 83 

14 .5 9 
14 .47 
14.41 
14. 5 0 
14. 28 
10 . 50 

6 . 26 
0 . 92 

P I f_ g 
eem 

2 . ' 
3 . 5 
5 . 0 
7 .4 
9 . 6 

12 . 2 
13 . 0 
14 . 4 
17 . 1 

K. 

27 . 30 1.00 
2 7 . 25 
27 . 49 
2 7 . 37 
27 . 08 
26.68 
18 . 68 
1 1. 5 1 

1. 8 t 

1. 00 
1.01 
1.00 
0.99 
0.98 
0.68 
0 . 4 2 
0.066 

P. 

0. 19 
0 . 27 
0 . )') 

0 . 57 
O. -:'4 
.). gt.. 
1. CO 
1. 10 
1. 32 

1. 000 
0 . 983 
0 . 983 
1 . 000 
1 . 000 
1.050 
1. 015 
0 . 950 
0. 950 
1 . 000 

0 . 30 19 .2 
0.09 28 . 2 

0 . 59 0 . 022 1 . 47 
0.0 16 0 . 0006 2 .1 7 

25 . 0 1.868 

Imbibition 

0 . 983 
0 . 933 
l. 032 
1. 015 
1. 032 
1. 025 
1. 025 
0.94 2 
0 . 975 
1. 000 
1.000 
1 . 000 

0 . 12 
0 . 1 9 
0 . 5 1 
0 . 89 
1.40 
1. 46 
2 . 89 
5 . 30 
8 . 05 
8 .22 
8 . 26 
8 . 37 

14 . 8 
14. 3 
12.3 
11. 4 
10 . 8 
10 . 6 

9 . 7 
8 . 3 
7. 2 
6. 0 
4.3 
2 . 0 

0 . 23 
0.38 
0 . 93 
1..&3 
2 .53 
2.65 
5 . 27 

10.50 
15.28 
15 . 35 
I e. .43 
15 . 64 

o.ooa 
0.014 
0.034 
0 . 060 
0.093 
O. 097 
0 .19 
0.38 
0 . 56 
0 .56 
0.56 
0.57 

· .,., · 9.7, Pb/ pg - 1).Oem, K " 27.)5~l. P
b 

= 1. 54gm/ee. 

Ps :: 2. 79 gm /ee, Q:: 0 .448 

1. 14 
1. 10 
0.95 
O. BE! 
0 . 8 3 
0 . 82 
0 . 75 
0 . 64 
0 . 55 
0 .46 
O. J 3 
0.15 

TABLE 3. CA?ILLARY PRESSL~E--EFFECTIVE PERMEABILlTY DATA 
FOR THE 74-104 MICRON FRACTt ON OF POUDRE S&~rf· 

28 . 3 

28 . 4 

28 . 5 

28 . 6 
28 . 5 
28 . 0 
27 . 9 
27.6 
27 . 3 

27 . 0 
27 . 5 
27 . 0 

28. 0 

28.2 

1. 836 

1 . 833 

1. 83 0 

1. 827 
1. 830 
1. 645 
1 . 848 
1. 858 
1.86 8 

1. 877 
1. 86 1 
1. 87 7 

1.845 

1. 8 38 

Dra i nage 

0 . 983 
0. 950 
0. 967 
0 . 983 
0. 967 
0 . 992 
0 . 933 
0 . 992 
0 . 90 0 
0 . 8 17 
0.967 
1.000 
1.150 

61. 45 
5 9.71 
60 .09 
6 2 . 09 
60 .66 
61.45 
58 . 17 
57 . 52 
4 9. 83 
10. 04 
4.65 
0.68 
0 . 1 3 

3 . 4 
6 . 8 

1 0 .6 
lJ .4 
17. 8 
21. 7 
2 3 . 8 
26.7 
27 . 5 
29 . 6 
31.5 
35 . 1 
39 . 8 

Imbibition 

1.200 
1.000 
0 . 95 0 
0 . 85 0 
1 . 000 
0.933 
1.015 
1. 000 

0 . 8 1 25 . 6 
3 . 63 20.8 
8 .54 1 9 .0 

24.83 16 . 6 
35.98 14 . 7 
37 . 5 9 9.8 
41.97 5. 4 
40. 1 0 2 . 8 

11. 47 1. 00 
1l. 54 1. 0 1 
11. 39 0.99 
1l. 57 1. 0 1 
11.4 8 1. 00 
11. 34 0 . 99 
11.41 1. 00 
1 0 . 6 0 0 . 92 
10. 15 0 . 88 
2.27 0. 20 
0 . 8 9 0 .078 
0 ,13 0 . 0 11 
0 . 02 0 . 002 

0. 13 0 . 0 11 
0 .68 0 .06 
1. 69 0.15 
5 . 4 8 0 . 48 
6 . 75 0 . 5 9 
7 .4 3 0 .65 
7 . 62 0 .66 
7 . 37 0 .64 

•• .,., .. 16. 6, Pb / pi'" l7 . 0em, K · 1 1.46 ~ i , P
b 

- 1.38 gm/ee, 

Ps :: 2. 74 gm /ce, Q sO. 496 
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O. tJ 
0 . 25 
O. 39 
O. ~0 
o.o\) 
o.eo 
0.66 
O • • )q 

1. 0 2 
1. 09 
1.17 
1. 30 
1. 4 7 

0 . 95 
0 . 77 
0 . 70 
0. 6 1 
0 . 54 
0 . 36 
0 . 20 
0 . 1 0 



TABLE 4. CAPILLARY PRESSURE--EFFECTIVE PER~EABIL1TY DATA 
FOR T"dE 104-147 MICRON FRACTION OF POUDRE SAN~ ' 

Temp. u/pg x 105 t.H/6L q x 1001 

°c em sec 6L ~ 6 . 5 em/se c 

29.1 

28.7 
28.0 
28 . 7 
28 . 2 

28. 5 

28 . 6 
28 . 3 

28 . 5 

1.811 

1.823 
1. 845 
1.823 
1.839 

1. 8 29 

1. 827 
1.836 

1. 829 

Drain3.ge 

1.000 
0 . 938 
1.000 
1.015 
0 . 970 
0 . 862 
1.031 
1. 045 

92.52 
88.57 
92.58 
92.23 
89.53 

5 . 16 
0 . 91 
0 . 15 

I mbibition 

1 . 0 15 
0 . 993 
1 .000 
0.993 
1.000 
1.022 
1.045 
1 . 000 

0.90 
2.14 

14 . 57 
23.6 3 
4 0. 49 
53 .40 
55.71 
54.30 

P /09 o om 

4.1 
" .3 

11.9 
15.2 
1 9 .5 
24.7 
2 8 . 0 
31. 3 

19.9 
1 7 . 7 
15 .1 
14.3 
1 3 . 4 
1 2 . 4 

7 . 0 
2. 2 

i\. 

16.76 1. 00 
17 . 09 1. 02 
16.79 1. 01 
16.45 0 . 99 
16 . 32 0.98 

1. 09 0 . 065 
0 . 16 0 . 0 10 

P . 

0 . 19 
0 . 37 
0.56 
0 . 71 
0.92 
1.16 
1. 32 

0 . 021 0.0016 1.45 

0.16 0 . 0 10 
0.40 0 . 024 
2.66 0.16 
4 . 35 0.26 
7.43 0.45 
9.58 0.51 
9 . 78 0.59 
9.93 0 . 60 

O. ')4 

0 . 83 
0.71 
0 . 61 
0 . 63 
0.58 
0.33 
0 .10 

>Iory- IS.4, P
b ',.= 20.7 em, K- 16.67,,2 , , • 1 40im/"c ... b' ... 

Ps = 2.14 gm/cc. ¢ = 0. 489 

TABLE 5 . CAPILLARY PRESSURE- -EFFECTIVE PER~EABILITY DATA 
FOR 147-175 MICR~N FRAC~!C~ OF POUDRE SA~D*· 

31. 0 

30.8 
30.5 
) 1. 4 
30.0 
29 . 5 
29.1 

29.0 
29 . 8 
30 . 0 

1. 755 

1. 760 
L768 
1. 747 
1.783 
1 .799 
1. 8 12 

1. 815 
1. 789 
1. 78) 

Drainage 

0 . 754 
0 . 770 
0 . 792 
1.045 
1 . 000 
0 . 938 
0 .954 
1 . 015 
1 . 061 

114.50 
113 . 90 
119.20 

75.50 
2 5 .58 

9.60 
4 . 5" 
0 . 66 
0 .11 

ImbJ.bJ.tion 

1.030 
1. 0 15 
1.015 
1.015 
1.015 
0 . 855 
1.015 
1.045 
0.971 

0 . 91 
4 . 56 

12 . 54 
20 .4 3 
29.89 
46 . 94 
63 . 81 
65.81 
60 . 54 

•. S 
CJ . B 

l ' 3 
11 . 6 
18 . 5 
19. 5 
20 . 5 
22.9 
25 . 5 

15 . 6 
13.5 
12.3 
11.8 
11. 3 
10 .1 
S .9 
7.1 
5 .1 

2 6.66 
2 5 .99 
26.41 
12 . 10 

4 . 52 
1. 79 
0.85 
'). 12 
0 .02 

0.17 
0.80 
2 . 20 
3 . 59 
5. 2 5 
9 .80 

11. 20 
11. 22 
11.05 

1.01 
0.99 
1.00 
0 . 48 
0.17 
0.068 
0.032 
0.004 
0 . 00 1 

0 . 006 
0 . 03 
0 . 09 
0 .14 
0.20 
0 . 37 
0.42 
0 . 43 
0 . 42 

0.4l 
0.'58 
0 . 94 
1 . 1'15 
1 i,) 

1. Hi 
1. 22 
1. J~ 
1. .,;: 

O. 'P 
0.80 
0 . 73 
0.7"1 
0.6 7 

0 . 60 
0 . 53 
0.42 
O. )1) 

• • 1')= 17.5, Pb/pg = 16. Scm, K - 26.3 1$./, '\" 1.43gm/ec. 
Ps - Z. 74 gm/ec, ¢ = D.478 

31 



TABLE 6 . CAPILLARY PRESSURE--EFFECT~VE PERMEABILITY DATA 
FOR THE 1 15- 24 6 MICRON FRACTION OF POUDRE SAND -

Tsmp. ~/p9 x 105 OH/6L 
C em sec ~ = 6.5 

q x 109 

em/sec 

29 . 5 
2 9 . 0 

29 . 2 
29 .1 
29 . 0 
28.3 
28.5 
28 . 0 

28 . 5 
29 . 0 

28 . 0 
28 . 5 
28 . 8 
29.0 

1 .799 
1. 815 

1. 808 
1 .81 1 
1. 815 
1. 836 
1.829 
1. 845 

1. 829 
1. 8 15 

1.945 
1. 829 
1.821 
1 . 815 

0 . 570 
0 . 570 
0.585 
0 . 985 
0.985 
0 . 985 
0.969 
0 . 985 
0 . 955 
1. 006 
1. 0 22 

Dra inage 

14 . 04 
14 . 09 
14 .10 
14 . 00 
12.18 

7 . 68 
4 . 35 
3 . 65 
1.25 
0.38 
0.03 

Imbibition 

1. 0 15 
1.000 
1. 000 
1. 006 
1. 006 
1.006 
1.006 
0 . 925 
1.1"10 
1.030 

0 .22 
0 .40 
0 . 73 
1. 54 
2.47 
3.62 
4.74 
5 .96 
9 . 58 
8 .45 

2 . 4 
5 . 2 

1C. 2 
13 . 3 
13.5 
13.8 
14.1 
14.3 
15. 3 
16.3 
19 .1 

n .5 
10.8 
1 0 .2 

9 . • 
9 . 2 
8.9 
8 •• 
8 . 1 
5 . • 
1. . 

44. 38 
44 . 9 2 
43.18 
25 . 80 
22.4 5 
14. 09 

8 . 12 
6 . 73 
2.41 
0 . 69 
0 . 05 

K. 

1. 00 
1. 0 1 
0 . 99 
0 . 58 
0.5 1 
0.32 
0 . 18 
0 .15 
0.054 
0 .015 
0 . 001 

0 .39 0.009 
0 . 72 0.016 
1. 33 0 . 03 
2 . 77 0 . 06 
4 . 53 0.10 
6 . 57 0 .15 
8.56 0 . 1 9 

11.72 0 . 26 
14.87 0.34 
14.97 0 . 34 

* l1 Z 16.7, Ph / pg : 12.8em, K - 44.36 /-1 ', Ph - L44 gm/ee, 

p = 2.67 gmlee, 9 s 0.46 1 • 

P . 

0 .18 
0 .41 
0 . 80 
1.04 
1. 06 
1. 08 
1.10 
1. 12 
1.19 
1. 28 
1.50 

0 . 90 
0 . 85 
0 . 80 
0.75 
0.72 
0 . 69 
0 .67 
0 . 63 
0. 44 
0 .1 3 

TABLE 7. CAPI LLARY PRESSURE- - EFFECTlVE PERMEABILITY DATA 
FOR 246-295 MICRON FRACTION OF POUDRE SAND#* 

2 9 . 0 

29 . 1 

29 . 0 
28 . 0 

27. 8 
28 . 0 
28.5 
28.9 
29 . 0 

1.815 

1.812 

1. 8 15 
1.845 

1.952 
1.845 
1.929 
1.818 
1. 815 

0 . 858 
0 . 879 
0 . 899 
1. 0)2 
1. 016 
1. 004 
1. 000 
1. 000 
1. 008 

Ora inage 

26 .37 
27.45 
27 .15 
24 . 82 
20.32 

6 . 52 
2 . 16 
0 . 4 3 
0 . 06 

Imbibition 

1. 004 
1 . 004 
1. 004 
1. 004 
1. 008 
1. 05 2 

0 .86 
2.06 
5 . 55 

n . 27 
15 .18 
17.13 

4. 5 
7.1 

10 . 2 
11.2 
11. 9 
12.7 
13.4 
14. 5 
16. 3 

9 . 8 
8 . 7 
8 . 0 
7.5 
7 . 1 
3.3 

55.7 2 
56.67 
54.71 
45.57 
36.23 
n.77 

3.93 
0.80 
0. 11 

0 . 98 
1 . 00 
0 . 97 
0 . 77 
0 . 64 
0 . 21 
0 .07 
0.014 
0 . 002 

1.59 0 . 028 
3.79 0.07 

10.n 0 . 18 
20 . 42 0.36 
27.33 0.48 
29.55 0.52 

" 1')= 18.4, Pb'pg " 11.6 cm, Kz 56 . 67/-11, Pba 1. 52gm/ce, 

P s E 2.67 gml ce, ~ . 0. 42 9 

3Z 

0 . 39 
0 . 61 
0 . 88 
0 . 97 
1. 02 
1. 09 
1.15 
1. 25 
1.41 

0 . 85 
0.75 
0.69 
0.65 
0.61 
0.29 



TABLE 8, CAPILLARY PRESSURE- -E FFE CTtVE PERMEABILITY D ATA 
F OR 195-417 MICRON FRACTIONS OF PQUDRE SAND '" 

T e mp . u /pg x 105 
°c em see 

.6.H/.6.L 
.6.L = 6.0 

q x 10 3 

e m/sec 
~/pg K 

em uez 
K. P . 

l8,8 

l8.7 

l8.S 

l8.6 
l8.7 
l8.4 

l8.8 
l8.S 

" 
l8,8 
l8, 9 

" 
l8 . 5 
l8 . 7 
l8 . 5 

" 

,8l1 

1 .8l4 

1 .8l9 

I , Bl7 
1. 8l4 
1 .830 

1. 81 1 
1 .8l9 

" 
1.8l1 
1 .8 17 

t . 8l9 
1 . 8l4 
1 . 8l9 

0.700 
O. 7Z 3 
0 .666 
1. 03l 
1.000 
1. Ol4 
0.99l 
0 . 99l 
O,99l 
1.03l 
I , 06 5 

1.073 
1 . 065 

.040 
1, 0 15 
1. 0 15 
I. 015 
I,Oll 
I , Oll 
I . 006 
1. 0 15 

Drainage 

30.7 1 
lZ. 19 
lZ, I O 
31 .05 
l 6.04 
13, 4 6 
9.l9 
3.53 
t. 71 
0.34 
0.06 

Imbibition 

0. 18 
0.43 
1 . 30 
l.67 
4. t l 
7 . 75 

I l , 85 
II , 09 
l l . t l 
ll.lO 

1.9 
3.3 
7.5 
B. 3 
B.B 

10.0 
10, l 
11. 0 
11 .5 
1 2.6 
14 , 2 

10.8 
B B 
7.7 
7.2 
6 . B 
6 . 3 
5 . 7 
4 . 4 
3 . 2 
1.3 

79.119 
79.94 
67 . 45 
54 .80 
47.4 9 
l4 . 0l 
17 . I 3 
6.5 1 
3. t 4 
0.60 
0 , 10 

0.30 
0.73 
l . l 6 
4 .78 
7.37 

1 3. 85 
ll,7 5 
37 , l 3 
40 . 1 l 
39 . 9 4 

1. 00 O.lO 
1.00 0.35 
0 . 84 0.81 
0.69 0.89 
0 . 59 0 . 94 
0.30 1.08 
O. II . 10 
0.08 . 18 
0 . 039 .l3 
0.008 1 .36 
0.00 1 1 ,53 

0 . 004 1 , 16 
0.009 0.n4 
O. Ol 9 0.8l 
006 0 . 77 
0.01'1 0 .7 3 
0. 17 0.6 7 
0, l8 0,6 1 
0.47 0.47 
0 . 50 0 . 34 
0.50 0. 13 

*1)- 15 ,7, Pb/pg-9 . 3em , K-79,9 1 u z , Pb "1,5 3 gm/cc. 

p • l . 67 gm/cc, Q '" 0 .4 l7 , 
TABLE 9 . 

27 . 8 

" 
l7 . 9 

l7,6 
l7 , 7 
l6. l 

CAPILLARY PRESSURE- - EFFECTIVE PER MEABIUTY D AT A 
FOR A LONG COLUMN OF CR AB CREEK SAND ol<>:< 

1, 85 1 

,. 
1,84 8 

" 

1, 858 
1, 855 
1, 894 

0,961 
0 , 946 
0 , 987 
1. 013 
0 , 974 
I, 000 
1. OlO 
0 . 987 
1 , 046 

15 . 36 
15 , 59 
15 .04 
1 1 , l4 

7. B4 
3. 16 
O,l9 
0,03 
0 . 01 

2. 0 
4. 3 

10 , 0 
10,9 
13 , 9 
16 , 6 
lO,7 
l6,6 
l8 , 5 

19.6 1 
30,57 
l8, l l 
l O. 5 1 
14,88 
5,85 
0 . 53 
0.058 
0,0 19 

1,00 0, 14 
1.04 0,34 
0,96 O,7Z 
0 , 70 0,79 
0,5 1 1.00 
O.lO 1 .1 9 
0,018 1. 49 
O,OOl 1 .97 
0.0006 l,05 

·"'".9 ,7, Pb/pg· 1 3, 9cm, K=l9 , 57 u' , P
b

- 1 . 54 gm/cc . 

p • l . 7 9 gm/cc , tIJ =0 . 44 8 , 

33 



TI\BLE 10. CAPILLARY PRESSURE--EFFECTIVE PERMEI\BI LITY DI\TI\ 

FOR 1\ LONG COLUMN OF POUDRE SAND-

Temp . ~/P 9 x 1 0~ 

°c e m s e e 

30 . 0 
32 . 2 
28 . 4 
28 . 8 
2&. 0 
26 . 2 
24 . 7 
26 . 0 
27 . 9 

1 . 78 2 
1. 777 
1. 833 
1. 820 
1. 9 10 
1 .904 
1. 955 
1. 910 
1. 848 

6H/o.L q x 1 04 

~,.. 2& . 8 ern/see 

0 . 930 
o . 88S 
0 . 903 
0 . 888 
0. 884 
1 . 004 
1. 002 
l. 002 
1. 010 

16 . 80 
16 . 57 
17 . 39 
16 . 06 
14 . 2B 

8 . 6 1 
2 . 36 
1. 09 

0 . 19 

4. 3 
7 . 0 

1 3 . 7 
21.6 
31.6 
4 0 .2 
4 8 . 0 
5 2. 3 
6 2 . 3 

K. 

3 .2 3 0 . 95 
3 . 33 0 . 98 
3 . 53 1. 03 
3 . 30 0 . 97 
3 . 09 0 . 91 
1. &3 0 . 48 
0 . 46 0 . 13 
0. 20 0.06 
0 . 035 0.01 

P. 

0 .11 
O. lA 
O. 35 
0.55 
0.81 
1.0) 
1. 2 3 
1. 34 
1. 59 

"' 11= 9.9, Pb!pg= 39. t ern, K .. 3.40 ~ I , P
b

• 1.47 gm/ee, 

Ps
" 2.74gm/ee, tP .. 0.464 

TI\BLE 11. CI\PI LLARY PRESSURE- - EFFECTlVE PERMEI\B r LI TY DATI\ 

FOR A LONG COLUMN OF PULIJoIAN Cu.-r-'" 

28 .2 1.839 0 . 940 75 . 45 2. 0 14. 77 1. 00 0 .26 

31. 0 1. 755 0. 981 70 . 00 3 . 6 12. 53 0 . 85 0 .4 7 

1. 041 66. 20 6.3 10.6 4 0.72 0.83 

1,015 53.50 7.3 B.73 0 . 5 9 0. 96 

1 . 067 4 3 . 60 R. 4 7 . 1 7 0 .4 9 1.11 

1. 007 27. 40 9 . 9 4 .78 0 .32 1. JC 

31 . 2 1. 75 1 0 . 976 1. 75 20 . 2 0 . 306 0 . 0 21 2.5!o 

29 . 5 1 .600 0 . 769 0 . 33 29 . 2 0 . 0 77 0 .005 2 3 .64 

29 . 0 1. 815 0 . 8)5 0.10 4 0 . 1 0.02 1 0.0014 5 . 27 

""'11 - 3 . 8, Pb!pg: 7.6 em, K ' 14 .17 Il l, Pb 
. 1.25 gm/ee. 

ps
• 2.60 gm/ec, ~=0.5 1 9 

TI\BLE lZ. UNSTEADY DFAINI\GE DI\TA FROM C'1LUMN OF CRAB 

CREEK Sp.m) 

Te mp . .. /p g x l OS c 0 c . O. 

°c e m . e e .. e ce/cm.:! 

29 . 0 1. 6 15 10 0 . 114 0 . 031 l) . 0 26 

30 0 . 366 0 . 092 0.069 

40 0 . 4 95 0 . 12 2 0 . 091 

50 0. 6 11 0 .15 3 O. ll S 

60 0 . 720 0 .193 0 . 135 

70 0 . 8 29 0.2 14 0 . 15 ; 

80 0 . 946 0. 244 0.17 8 

100 1. 172 0 . 305 0 .220 

110 1.247 0 . 336 0.2 35 

120 1. 35 6 0. 366 0 .255 

130 1.456 0. 397 0. 274 

140 1. 563 0 .427 0. 2 94 

150 1 . 664 0.4. 59 0 . 313 

170 1 .97 1 0 .4.98 0 .35 2 

180 1. 967 0. 5 49 0. 370 

190 2 .067 0. 5 80 0 . 389 

200 2. 176 0 . 610 0 . 409 

21 0 2.270 0 . 6 41 0 . 4 27 

220 2 . 369 0 . 6 72 0 . 446 

240 2 . 553 0.733 0 . 480 

260 2 .74 5 0 . 794 0. 5 16 

3. 



T ABLE 12. UNSTEADY DRAINAGE DATA FROM COLUMN OF 
CRAB CREEK SAND .... (CONTINUED) 

Temp . u/pg>:: lOa Q t . Q °c cm sec ,eo cc/cm Z 

lBO 2 . 904 0 , BaS 0 . 54 6 
300 3 . 080 0 . 9 16 0.579 
330 3 . 33 1 1, 008 0 .626 
360 3 . 5 82 1. 09iJ 0 . 673 
4 20 4 . 048 1. 282 0 .76 1 
480 4 .47 8 1 . 46 5 0 . 842 
St O 4 . 67 9 1 . 559 0 . 882 
540 4 . an 1 . 649 0.9 1 8 
600 5 .259 1 . 832 0 . 989 
660 5 . 6 16 2. 01 3 1, 056 
720 5 . 95 1 2 . 198 1. 11 9 
780 6 . 260 2 . 3S1 1. 177 
840 6 . 548 2.564 1. 231 
900 6 . 815 2 . 748 1. 282 

1020 7. 288 3 . 114 1. 372 
114 0 7 . 693 3 . 480 1. 447 
12GO II. 04 0 3 . R4 7 1. 512 
1380 8 . 336 4. 213 I. 568 
1500 8 . 597 4 . 530 I. 6 17 

29 . 0 1. 815 16 20 3.821 4, !}46 I. 659 
1740 9 .01 9 5. 312 1, 696 
1860 9 . t 88 5 , 679 1,72 8 
1980 9 , 34 0 6.045 1,757 
2100 9, 4 6 1 6 .411 1.779 
2220 9 . 5 7 3 6 , 778 1, 800 
2349 9 , 679 7. 144 1.820 
2700 9 . 94 1 8 , 243 1. 870 
3300 10, 26 1 10 , 075 1. 930 
4020 10 . 5 27 12.273 1. 980 
46 20 10 . 696 14 .1 05 2 , 0 12 
5700 10 . 929 17 .402 2,055 
7500 11.1 95 22 . 898 2.105 
6400 11.2 82 25 , 6 80 2.120 
9300 11. 36 1 28 , 3 93 2 . 137 

10 200 11.4 30 31 . 141 2.14 8 
12000 11 . 533 36.636 2 . 169 
15300 11. 677 46 . 711 2,1 96 
2 1300 11. 85 1 65 . 031 2 , 22 9 
27 300 11, 937 83,357 2.245 
31500 12. 0 19 114,485 2.260 

'" l'j = 9 . 7, L. . 3 .75 , K = 29 . 47 u' Pb/pg = 13 . 9 em, 
¢ • , 0 . 382 
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TABLE 13. UNSTEADY DRAINAGE DATA FRO!i C0LID1N OF POl:DRE 

SAND ' 

Temp. 1>/09 x 10' < Q <. Q. 

°c em sec ,ec ec/em: 

2 9 . 5 1. 799 60 0.1 20 0.007 u.OOb 

1)0 0.252 0.016 0.016 

225 0 . 376 0.02 7 O. (124 

510 0.755 0.06 3 O. ~ ~ 7 

900 1 . 3e~ 0. 107 O. (Si 

141 0 2 . 0 1 ~ 0. 168 O. 12'1 

1800 2 . 516 0.214 0. 15<:' 

2210 3 . 022 0 . 263 O. 1 Sf., 

2850 3 . 777 0.319 0 . 2 )8 

]0 . 0 1. 763 33)0 4. 4 07 0.39& 0.2 1!;i 

3960 5 . 162 0.472 O. )2~ 

4500 5 .792 0.5]7 O. )6~ 

5190 6 . 54 7 0.6 20 0.4 12 

29.9 1. 766 5640 7 . 05 1 0.674 0.444 

6360 7 . 607 0.760 0.4't2 

7100 6 . 56 2 0.84 9 0 . 5]9 

29 . 6 1 . 789 78)0 9.317 0 . 936 0.567 

30 . 0 1. 783 6980 10 . 451 1. 07 4 0 . 65b 

30 .1 1. 760 9780 11. 206 1. 170 O. iOb 

10055 12. 339 1. J 2 3 O. i 77 

]0 .4 1. 772 11 375 13 . 34 7 1. 48 1 0 . 841 

129 95 14 .606 1. 677 0 . 920 

30 . 8 1. 760 15110 16.117 1. 934 1.015 

16860 17. 250 2 .15 0 1. 086 

31. 0 1. 75 5 185 W 17. 680 2 . ]5 1 1 . 126 

30 . 8 1 . 760 22280 20.212 2 . 60 7 1. 2 7 7 

25820 21. 720 3. ) 4 8 I . Jf.8 

29780 2].720 3. 72 0 1. 45 1 

34520 24 . 2 )8 4 . 2 96 1 . 526 

31. 0 1. 755 41360 25 . 540 5.131 1 .60 8 

32. 0 1 . 736 5 1 J20 26 . 9 25 6 . 359 1. 61::16 

ll.6 1 . 740 5991)0 '27.844 7 . 4 15 1. 75 4 

1''' 2v '28 . 4 36 9 . 608 1. 791 

n .o 1.755 93245 29 . 07 3 11. 484 1. 8n 

10.3 1. 774 lf18260 29.6 25 13 . 296 1 .866 

)1.0 1 . 755 122960 )0 . 069 15.085 1. 894 

142220 30 . 4 90 17. 4 35 1 . 921) 

30 . 5 1 . 766 166980 )0.96J 20.676 1. ~5v 

29 . 5 1. 799 192380 31. 222 2]. 47 6 1 .966 

29 . 2 1. 809 217280 31. 44 7 26 . 4 25 1. 980 

227540 31.554 27.640 1. :166 

29 . 0 1. 8 15 257]00 31.61C j l . 1s1 1. 991 

29.2 1. 808 306420 32. 01 1. 37.2 05 2. 0 1f, 

364 400 32.196 43.835 2. 028 

>:< 1] : 9. 9, L. . 3.75. K ' 3 .40~z. Pb /pg: 39. I em, 

41 . 0.406 
c 

l6 



TABLE 14. UNSTEADY DRAINAGE DATA FROM COLUMN OF THE 
246 - 295 MICRON FRACTION OF POUDRE SAND* 

Temp. 1-1/,,9 x 10~ t 0 t. O. °c em sec sec cc/cm2 

28.5 1.829 5 0 . 151 0.039 0.037 
10 0.250 0.077 0.062 
15 0.364 0 . 116 0.091 
20 0.469 0 . 154 0.116 
25 0.567 0.193 0.141 
30 0.669 0.231 0.166 
35 0.773 0.270 0.192 
40 0.878 0.308 0.218 
45 0.980 0.347 0 . 244 
50 1 . 084 0.385 0.270 
55 1 . 188 0. 424 0.2.95 
60 1.268 0.462 0 . 320 
70 1.486 0 . 539 0 . 370 
80 1.690 0 .616 0.420 
90 1. 891 0.693 0.470 

100 2 . 092 0.770 0.520 
120 2 . 460 0.924 0 . 612 
130 2 . 640 1.00 1 0.657 
140 2.818 1.079 0.700 
150 3.002 1.156 0.747 
160 3.171 1.233 0 . 768 
180 3.510 1. 387 0.873 
195 3.815 1.502 0.935 
225 4 . 307 1. 733 0 . 949 
255 4.755 1. 965 1.183 
300 5.388 2.311 1. 340 
330 5 . 776 2.542 1.437 
390 6.435 3 . 005 1.601 
4 50 6 . 969 3.467 1. 733 
570 7.767 4.392 1. 932 
690 8.306 5.316 2.066 
810 8.666 6 . 241 Z.161 
960 0 . 019 7 .396 2.244 

1260 9 . 446 9 .707 2.350 
1500 9.671 11.556 2.406 
1860 9.909 14.330 2.465 
2340 10.132 18 .02 8 2.520 

28 . 5 1.829 294 0 10.326 22 . 651 2.569 
3300 10.413 25.424 2.590 
384 0 10.5 25 29.585 2.616 
4740 10.681 36.519 2.657 
5340 10.754 41.141 2 . 67 5 
7140 10.914 55 .010 2 . 715 
8940 11. 020 68.876 2. 741 

10740 11.094 82.745 2.759 
12540 11.152 96.613 2.774 
13740 11.184 105 . 585 2.782 

. " " t8. 4, L. " 3.75, K: 56.67~l, Pb/pg - 11. 6 em, 
Qe - O. 347 
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TABLE 15. UNSTEADY DRAINAGE DATA FRQoI COL~ OF PULLMAN 
CLAY· 

T~~P . ll/p 9 x lOs t 0 t. O. 
em sec .ec ee/em2 

29 .2 1.939 10 0.067 0 . 020 0 .017 

20 0.131 0 . 041 0 . 033 

30 0.194 0 . 061 0.049 

40 0.259 0.091 0 . 065 

50 0 .319 0.102 0 . 091 

70 0 . 429 0 . 142 0.109 

90 0.541 0.183 0.137 

120 0.696 0 .244 0.176 

135 0 . 770 0.274 0. 195 

165 0.904 0.336 0.229 

180 0.969 0.367 0.245 

195 1.029 0 . 397 0.261 

225 1.140 0 . 457 0 . 299 

270 1 . 291 0 . 550 0.327 

330 1.465 0.669 0.371 

390 1.614 0 . 793 0 . 409 

450 1.727 0 . 915 0 . 437 

540 1.979 1 . 100 0.475 

630 1.995 1.293 0.506 

720 2.092 1.465 0.531 

840 2.196 1. 710 0.557 

28.5 1 . 829 1020 2.318 2.076 0.597 

1200 2.410 2.440 0.610 

1440 2.506 2 . 932 0.634 

1900 2.619 3.670 0.660 

2400 2.745 4.900 0 . 696 

3000 2.94 1 6.130 0.719 

3600 2.903 7.350 0.735 

28 . 9 1.920 4200 2.954 8 . 580 0 . 749 

4800 2 . 991 9 . 822 0.757 

5400 3 . 026 11.050 0.767 

6600 3 . 072 1 3 .531 0 . 778 

29.0 1.815 7800 3 .103 16 . 002 0.787 

9000 3.127 18.477 0.791 

10800 3 .144 22 . 1 91 0.795 

15060 3.225 30 . 990 0.817 

18840 3 . 239 38 .778 0 .820 

29. 1 1.811 22680 3.244 46.714 0 .821 

28320 3.249 58 .369 0 .823 

39660 3.252 9 1 . 384 0.825 

* fJ " 3 . 8, L. 3.75, K · 14. 77 ~z, P b/Pi '" 7.6 e m, 

0. '" 0.5t9 

" 



Key Words: Simili tude, Non-steady, Drainage, Partially saturated, Soils, 
C;!OI)Ula ry fringe, Scaling c ";l e ";a, Hyste r esis, Imbibition, Media p r oper ties, 

IIbs(,'acl: 111f! Si milarity condit ion waS applied to non-Illendy flow of liquids In 
parUaUy satu r aled porous mCtlI:., IIUI p('ctlonal a nalysis was applied to the d lUer
e nUal equailon descf'ihlng two-phase flow .... he r e the las phase ill ever~'here at 
atn'o&pher lc l)res sU re, Criteria for Similitude were developed to facilita te studying 
cOnlpilcatcd field processes with anlall laboratory models, St8Jldard scal ing "nils 
w"r" so c h oaen tha i the c apillary frin ge depth can he precisely a ccounted for in a 
model and Ihe lime acale p<'rmils modeling a lenlthy fl ow proceSll III a rela!lvely 
8h.or t p"'riod of time, ,".e standar d scaling ufllta are readily measurable media "fld 
liquid p r opcr tl es, Some of these proper ties. how e ver, arf! characte r istic of the 
drainage cyc:le only, 'Theor etically. the r e fo r e. the scaHnll c rite r ia are not appli
cable when hysteresia Is important a nd Ihe Imbibit ion cycle Is InVOlved, 111e 
validity of the crHerla were conrtrmed experimentally by appLying a non-steady 
drainage I'rocess of two c olumna o f media which. according to the Ih llory weN! 
slmBar, Bven thoug h they we r e almitar, the media p roperti lls were sufficient ly 
different so that one column waa a smal l modcl of Ihe o ther, It was alao dl.8covered 
that, at least during sleady flow, proccllses involving hyaleresls c an, i n fact. be 
aC CU I'[).I" ly scnied with lhese criteria, 

Reference: Cor ey, 0, L" Corey A, T , and Brooks. R, H " Colorado State University. 
lIydrology P aper No, 9 (A ugust 1965) ''SImilitude for Non-511lady Drainage o f 
Par tially Satur'atcd 50111" 

Key Words: Similitude. Non-steady. Drainage. P a r tially salurated. Solis. 
Caplt\ar y fr Lnge, Scaling cri l ~r ia, lIyalereals . ImbiblUon. Media propllrtLea , 

IIbstraCI: The aimilarlty condition was applied to non-sleady flow of liquids In 
partiAlly saturated. porous mlld la, Inspectlona\ a nalyais wall applied 10 thc diffe r
ential equallon dellc rib lng two-phaae flo ..... where the gas phalle la e verywhere at 
a lmollpher ic pre .... ure. C l'lter ia for sImilitude Wllre devlllo!,cd to faclli late studying 
complicated fie ld processe .. with sma ll laboratory models, Slandard scaling un ita 
were $0 cllOllCn thaI the capillary frinlle dep lh can be preciallly accounted for In " 
model and the Ume scale permits modeli ng a lenilihy flow procea .. in a re lativcly 
short period of time, TIle ~tandard scaling unit .. a r e readily measurable mediI! a nd 
IIqu ld propel' lIee, Some o f theae pr~rt1es . however . arll c haractc r istic of the 
drainage cycle only, Thllo r etically. thll refore. the scaling c riteria are not appU
cable when hystereais ia Important and the imbibition cycle ia involved, The 
validity of the criteria we,'c confi"me d eX!,Ilrimentally by applying a non-slendy 
d ,'alnslle p r ocess of two Columna o f media which, according to the theory were 
simila r , Even though they were aimllar, Ihe media propertiee .. Ilre liufficienl ly 
di fferent ao Ihat on .. column wali a small model of the other, It .. "s allio discovered 
thai . al least during s teady flow, processes Involving hys i llre llis c an. In fac t. be 
a ccurately SCllilld with Ihese crlleda , 

RIlfll ,'ence: Cor cy. G, L •• Cor lly II, T. a nd BrookS, 11. H" Color ado Stale University. 
Hydrolugy Pail .. r No, 9 (llugust (965) ''SImili tude fo r Non -Steady Oralnale of 
ParUnlly S aturated Solla" 

Key Words: Similitude, Non- s teady, Drainace, P ar tially satursted, SoLla, 
Capillary fri nge, Scaling criteria. lIyslt"resls, Imbibition, "Iedia propel'ties, 

Abstract: TIle similarity condition was app lllld to non-sleady now of liquids in 
partially saturated porous mlldia , inspt'ctional analys is was applied to the di ffe,'
entlal equation deacribing Iwo -phase now .. hcre the gall phase is evcrywher e at 
atmospheric prllasu,'e. C rltc r la fo r simili tude we r e dcvelopc:d to fa cillt:ue studying 
complic ated fie Ld processea with smnlliaborstory models, Stnndard scaling uni ls 
Were so eh().l!en that Ihe capillary tr lnge deplh can be precisely accounled for in a 
model and Ihe time scale per mits modeling a Illngthy flow proccss In a r elatively 
sh.ort period of time, The Slandard acaling Un l la a re rcadily m easurablll mcdia and 
liquid properties, Some of thea c propt': rties. however, al'e char llocteristlc of the 
dralnRge cycle only, TheoreUcally, the r etore, the acalin,. criteria are not "Wll
cablll whlln hys lerllsis ill im portant and Ihe imbibition cycle is InVOlve d, TI le 
validity of Ilip criteria wer e confi r med eltperimentally by app ly ing a non- s leady 
drainage I)rocesa o f two coLumns o f medi a which, accOl'ding to the the ury we,.e 
similar , Even thoug\. they we re s imilar, the media pr oper t ies "'erP sufficiently 
diffe ren t so tha t on e colu 'lln Waa a IImall model of the othllr, It wa ll also discovered 
Ihat, a\ least during sleady now, p roceases In voLving hysteresla can, In fac l, bll 
aceura t llly scaled w!th thllli e criteda, 
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Abat racL: 11le Similarity condition was applied to non-steady flow o f liquids in 
partially salurated porous mlldla, Inspectional analysia was applied to the differ' 
Il nllal equ;otlon dll.crib lng two-phalle flow whe r e the gaa phase la ever Y""here at 
stmosph e ric pressure, Criteria fo r lI imilitude were de veloped to facilitate study ing 
complicaled fleld proce saea with sma ll laboralol'y modcla. Standard scaling units 
were ao e hOllen thai the capillary rrlnge dep th can be preclslliy accounted for in a 
model and the lime acale pe,'mlts modeling a lenil ihy fl ow prOCeBS In a r ll lat ively 
s hort period of time. The .. Ia ndard scaling unitl a r e r eadily me;os urable mlldia and 
liquid properties. Some of th ese properties, however , are charac te ristic of Ihe 
d r alnsge cycle only. Theorctically, therefore, the scaling c riteria are not appli
cable whe n hyslerllllis Is import.."t a.nd Ihe Imbibition cycle is involved, The 
validity of thc cr l\Il r la were confirmed e xperlmllntally by applyl"g a nO" ' a leady 
dl'ainage process o f two columns of m cdia which. a ccording to the theory wcre 
s imilar, E Vlln th ough they were simil ar. the media propertiell Wllre suffldently 
dlffercnt .o thai one column was a smal l m odel of the o lher, It wal also dlscovIlred 
Ihat, at leaa l durlnllateady now, prQcessea Iflvolviflg hyateresla can, in tacl, be 
accurate ly acaled with these cri teria, 
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