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NOT ATIONS AN D DEFINITIONS 

Term Definition 

Capilla r Y barrier - a sheet, strip, c up . or plate of poro us ma te r ial ha ving fi ner 
por es than the soil m edi um In wh ic h it is in contact. Such a material will remain 
fully saturated wl th liquid and will pr event the entry of ai r into mano meter leads, 
etc. af ter the soil has been at least partially d esaturated . It will, however . per mit 
the conduction of liquid through it . 

Conductivity - the coefficient in Da r cy's eq uation when the medium Is tully satura­
ted. This coefficient is a funcnon of both media and fluid properties . It is so m e ­
ti mes called "hyd raulic conductivity." 

Effective conductivity - the coefficient in Darcy's equation when the medium is not 
necessarily fully satur ated. It is sometimes c alled "capillary conductivi ty . 

Relative conductivity - a scaled conduclt i vity. 

Distance fro m a wate r table to the bottom of a dried surface laye r of soil. 

Scaled distance from a water table to the bottom of a d r ied surface layer of soil. 
d 

It is the ratio --- It could be call ed a dimensionless depth. 
Pb/ pg ' 

Drainage cycle - a process in which the liquid pressure continuous ly decreases a nd 
the liquid satW"ation of the medium also decreas es . 

Evaporativity _ the c a paci ty of the atmospheric environme nt to evaporat e wate r 
from an e xposed free -wate r s urface. 

HystereSiS _ As used her e, the term refers to an unstea dy now process in which 
a decreasing liqUid pressure changes to an increasinl{ liquid pressure at some 
point In a porous medium. The process is ofte n a ccompani ed by lilt le o r no 
c hange in medium saturation . 

A proper ty oC the medium which can be r elated to the po re-llize distribution and is 
defined in terms o f the functional r elation between C and p ; i. e., . , 

~(ln ee) 
11 ,, - ~On p ) wh en Pc > f\ , 

Large values of t7 indicate a relati ve ly uniform po r'e size and sma ll er values 
ind icate a irea te r range of pore sizes. 

"Appar ent " pr essu r e of liquid in soils. Wh,,," rcff'rred to atmospheric pr essure 
as a datum, Ills the quantity measured by a ten!iio metcr. It may someti m es 
differ from the hydrodyna mic concept of pr essure becaus e o f the adsorptive 
fo r ce fields acti ng near solid surfaces. 

Capillary press ure - the pressure of the ~as phase in soils minus the "appa r ent" 
pressure o f the llqUld . It IS oft e n ca ll ed "suction" o r "matrlc !luction." When 
the gas press ur e is atmosphe ric, Pc" - p. ;\10rt' generally, pc· I'a - p wh en? 
P

a 
is the press ure of the air. 

Bubbling pressure _ approxim3tely the p at which a soil begins to desaturate 
rapidly or a l which the gas phase become~ continuous. A more ris:orous defini ­
tion is implicit in the method of its determination as descnbed by Bt'ooks a nd 
Corey [41. 

::icaled capillary pr essure 
p 

the d i mensionless ratio ....£ 
Pb 

Volume Flux _ the volum e of now pe r unit time per Uni t hulk arl';). of m(·dium. 

Dimensions 

- 1 
L l 

- 1 
L l 

non e 

L 

none 

- 1 
L l 

none 

- 1 
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STEAD Y UPWARD Ft..2~ FROM WATER TABLES!! 

by 

A. Anat, H. R. Duke , and A . T. CoreyY 

INTRODUCTION 

Upward flow (rom water tables subsequent to 
evaporati on and transpiration from soils is a sieni­
ficant phenom enon, particularly in irrigated areas. 
In some areas, fa rmers find it advantageous to 
cause the wate r table to rise to within a few feet of 
the root zone of crops as a method of supplying the 
root zone with water. In a r eas where s oluble salts 
may be s ubs ta ntial. howe ve r , s uch practices have 
often led to an unfavorable acc umulation of salts 
within the root zone. 

The hydrologist, also , is concerned with upwa rd 
flow fr om water tables si nce s uch now can have a 
substantia l effect on the fluctuation of ground water 
storage. 

Many investigators have studied r ates of evapo­
tion from soils In which there is a wat er table. 
The re is general agr eement that the rate of evapora­
tion may be controlled by ei ther the capacity of the 
a tmospheric e nviron m ent to evaporate water or the 
capacity of the soil to transmit water to the surface . 
The maximum rate of upward flow will be the lesse r 
of these two capacities. Another conciusion that 
can be made from the available liter ature Is that. 
except fo r ve ry shallow water - table de;:nhs. the 
capactty of the soil to trans'11it wa ter :3 the limiting 
factor. This paper is concerned with the latter 
situanon . 

Si nce hyste resis In the pressure hIsto ry of soil ­
liquid systems plays an impo rtant role with r espec t 
1.0 upward flow ratt!s [ 12. 15, 16J, this study Invt!s ­
ligates three cases as follows : 

Case I - The soil liquid tollows adrainaqe cycle 
only; i . e., the soil is initially completely saturated 
and afte rwards the pressur e of the liqUid pro.qres -

1/ 

sively decreases at all points in the system until 
steady state is reached. This c a se occurs in 
nature only when the maximum rate of e va po ration 
from the surface neve r exceeds the rate a t which 
water is supplied from the wat e r tab le to the s urface 
and when the wate r table is either at a constant 
elevation or is progressively lowered. 

Case 2. • Th e soil liquid follows an imbibi t ion 
cycle ; i. e. , the soil Is ini tially dry and liqUid is 
imbibed from below only. 

Case 3 - The soil liquid follows a cycle which 
Is neithe r completely drainage nor completely 
imbibition; i .e. , ther e are parts of the soil pr ofile 
in whi ch the liquid pr ess ure may at ti m es increas e 
and other parts in which the pressure may decrease 
c ontinuously. Such cases are probably com m on in 
nat ur e. espeC ia lly whe n the rate of eva poration 
from the surface temporarily exceeds the upward 
flow rate. 

This Study, therefore. attempts to answer the 
following questions; 

I . What is the maximum rate of upward now 
(as a function of the depth at which liquid exis:s at 
atmos phe ri c pressu r e) and what are the soil parame ­
ters that determine this maximum rate ? 

2.. What Is the maximum rate o f upward flow 
when the liquid system follows an imbibition cycle 
co mpletely? 

J. How is the maximum rate of upward flo w 
affected by a situation in which the r emoval of 
liquid from the surface exceeds the rate at which 
it can be transmitted to the s urface? 

Contribution trom the 
Z/ 
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PREVIOUS INVESTIGATIONS A'&-CO LORADO STATE UNIVERSITY 

In 1957 Staley[ 18] submitted a Masters Thesis 
which attempted to determine ( I ) how the evaporation 
rate from a fine sand is affected by independent ly 
varying the wind velocity a nd the depth of the wate r 
table , and (Z) how the functional relationship be tween 
evaporation rates under specified ambient conditions 
a nd the depth of the water table can be related to 
easily measurable pr oper ties of the s and . 

I. Wind - T unnel Ex per iment s 

Two columns of a fine sand were placed side by 
side in a test section of a wind tunnel . Each colu mn 
was 46 Inches in leng th and 1 Z Inches in diame ter. 
The columns were pla ced so that their surfaces were 
nush with the floo r of the test section . One colu mn, 
i n which the water table was main tain ed a t the s ur­
face, was used to eva luate the evaporat ivity while 
the water-table depth in the second column was 
varied , 

Both columns were initially fully saturated be ­
fore the water table was lower ed in one of the 
columns. The columns were supplied by water 
fr om a constant head source such that the r ate of 
intake could be measured. Runs were made with 
the wind velocity varying from 0 to 50 feet per sec ­
ond while the water table was var i ed independently 
between the surface and a depth of 30 inches. The 
runs were conducted so that the column with the 
variable water table was always on the drainage 
cycle . Each run was continued until steady state 
now was approa ched . 

A critical depth d. water table for the fine sand 
was fou nd at about l 4 i nches . Wit h the wate r table 
above this depth , evaporation rates wer e of the same 
order of magnitude as from the free - wate r surface. 
\Vhen the water table was below l 4 inches , the flow 
rate decreased rapidly with depth a nd at 30 inches 
the rate was tOO small to be measur ed accur ate ly 
with the apparatus e mployed. 

The cri tical water-table depth was r elated to 

properties of the capilla r y pressure - desaturation 
curve. It was found that the critical depth corres · 
ponded to the value of p I pg at which the initially 
satu rated s and began to ~t'saturate rapidly with fur ­
ther increases in Pc . This value of Pc has been 
called bubbling pressure Pb by Brooks and Corey 
[4J. 

A. Th eoretic""l analysis - In analY5anq the 
proble m of upward flow from water tables, Staley 
expressed the (low rate , the capilla ry pressure and 
the elevation above the water table in terms of 
sca led variables as follows: 

(I) flow rate -·the ratio of the rIow rate to 
the hyd r aulic conductivity '1/C, 

(l) capillary pressure -- the rat io of capillary 
pressuI'c to thc bubbling; pressure p Ip, . c , 

(3) e levation -- the ratio of eleVation above the 
water table to the bubbling pr essure 

head 

Staley a lso de r ived an equation for the steady 
upward n ow rate q (ide ntical to equation t ) but 
used an appr oa ch s omewhat different fr om tha t 
e mployed by Gardner. Staley wrote Darcy's law for 
the case of one - dime nsional flow in the ve r tical 
d i r ection and r e -arranged this equat ion to give an 
expr ession explic itly describi ng the rate of change 
of Pc with z. a s a function of q and C

e 
i.e ., 

d{~ ~ 
d, ( 3) 

\Vhtm thiS equation is solved for z. , the result is 
equation (I ). 

Staley ex pressed the functio nal l'clationship Ce(pc ) 
In two pat"ts rather than as the continous function 
proposed by Gardne r . Staley assumed tha t C c is 
a constant for P < Pb' and Cor p > Pb ,C is 
given by , " 

(4) 

whe r e C is the value of C when media are fully , 
satu r ated. 

Bya proper choice of the constants a and b 
in equation (l) , the relationship proposed bl 
Gardner and tha t proposed by Sta ley may result in 
practically identical functions for Ce when the 
value of fI is the same . 

Staley computed the value of '1 ior hi s 5and 
using a me thod proposed by Burd ine [5J an d arrived 
a t a value of 16. This was s ur prisin~ in view of the 
obse r vation of Gardner that fI would not be lart;l"er 
than about 4. After reviewing the Ii tcrature of the 
petroleum industry, Staley concluded that a value of 
fI equal to 8 should be about average for sands and 
that the larger value of !'f for his sand was due to 
its ext r emely uniform pore size. Late r m easur e ­
ments by Schleusener (15 J, SCOtt and Corey ( I ;J and 
Brooks and Corey [4] (usi ng steady - state methods of 
measurement) indicate that an 1) of 16 IS not uncom­
mon but is, in fact , close to an a.veralfe for a ti'l'hlly 
packed unconsolidated sand . 

.5taley !lolved equati on ( I ) by a numeri cal 
method for 'I : l:I and a particular water -table 

p 
depth to obtain a r elationship between"'!:' (a t the 

Pb 
surface) and ~ Th e watf'r - table depth assumed , 
was .~ uch as to g'iv" a value of - -;- a t the surface 

Pb pg 

of l.5. Hi s :{o lu t ion v<'rified the conclusion 



RECENT INVESTIGATIONS A't.:,.CO LORADO ST ATE UNIVERSITY 

Recent investigations a t Color a do State Univel"­
sity were specifically designed to answe r the 
questi ons posed i n the introduction. 

1" Flow Controlled by Siphons 

The fir st of these investigations has been des­
cribed by Duke [8] in a Mas ters Tnesis submitted in 
t 965, Duke attempted (by entir ely different metnods 
f r om tnose employed by previous inves tigators) to 
determine now the steady flo w rates from water 
tables ca n be predic ted fo r a ny soil with any water ­
table depth, He asse mbled and presented data with 
the purpose of making them usable for engineering 
e stimations applicable to any field situat ions . 

The use of these data , how eve r, depend s on the 
accurate determination of hydraulic conducti vities , 
b ubblin'l' pressures, and the values of 11 fo r the 
soils under tnvesti'tation, The significance a nd 
determination of these soil parame lers have been 
discussed in detail by Brooks a nd Corey [41 and by 
Brooks [3]. T he 11 referred to is the dimensionless 
exponent appeari nq in equation( 4) which Br oo ks and 
Corey. have related to :he pore - si z e distribution of 
porous media , 

.. \, Solution of flow equation - Duke analysed his 
da ta in t(.orms of dimensionless variables introduced 

by,'5taley, Le. , q/C , p/P
b

' p)pg and 11 lIe 

desiq:nated these as q " p" Z" , :lnd 11 respec ­
lively, Jollowin'l' the precedent establis hed by Mille r 
and :'.liller (Ill and Brooks and Co rey [41, 

Duke adopted Ihe cmf'lirical equation for the 
functional rf' \ationship C ( P, ) introduced by Staley . 
i , c . , eq uation (4) , He , tFterefore, wrote equation 
( I ) in 'hI! j'n r m 

d .• 
I Jro dP. (5) "'i"+q. l +qin P,t; 

m 
I 

whe r e d , IS the scaled ~l~vation from the water 
table to the bottom of a laye r of dried s urface soi l. 
which is th e particulal' value of Z, at the clt-vation 
o f the bottom of th~ dried !';o il layer , The subscr ipt 
m Implies that qin is the maximum value of q, , 

occurrinq when p , -> (J) at the scaled elevation 
d . 

Duk~ devised a !{raphlC:l.l !';oiution for ('quation 
0) invo!vinq the dete r mination of thc al'pa under the 
cur""'!'; shown In fiqure I , He also devi ~~'d a com · 
putt'r protlram which dNt'l'mined 'he int.:',!!:rai in 
.... quation 0) very quickly for lnt\'!!ral \'alucs of 'I 
(rom l. "hrouqh lO, Thi:; ran(<, <J! 'J lnC'ludt's::t1i 
v::tiu(:s obst:rvf'd for POI"OUS rn(;dla 1{'1 datt'. This 
proqrarn was written TO I'ominu,-' '11.: .~u!u, i on until 
the iU'('a undl'!' tht, n(~.'(t ItH' r" ml'nt 'I" .oZ, "I' 

the next s uccessive increment) was less than 
1 x 10- 6 , That thi s cutoff poi nt reduced the "tail" 
(see figure I ) to a negligible amount was proven by 
co m paring the com puter solutions (a t 11 values of 
z and 3) with closed solutions of equation (5), simi ­
lar to those presented by Gardner( 9] , T hese two 
solutions were consistently alike to 6 significant 
figur es , Closed solutions for n > 4 are not prac ­
tical due to the complexity of the solutions, 

A. copy of the FORTRAN pr ogram (for an IBM 
140 t computer) used for this solution is included 
in Appendix A , The solutions were compiled into 
a nomograph relating q, to d for each value 

m 
of 11 , The complete nomo.ll'raph is prese nted in 
figur e Z and the computed va lu es are gi ve n in 'able 
Z in Appendix A, 

Although most of Duke's theoretical data wcre 
obtained using the computer program , the graph 
shown in figure 1 serves to Illustrate a significant 
principle , The first term on the right of equation 
(5) is a constant for a particular va lue of Gin ' 

Consequently, the plot maintains a cons tant value of 
1/( 1 +q, ) up to p, = 1, the n drops more or less 

m 
rapidly (depcndinfl on thc value of (1) as p, In ­
creasestowardinfinily, The value of I /( I+q, p,n) 

m 
rapidly approaches zero al'l p , is increased , This 
means that Ihe increment of Z, over whir;h r , 
cha nq- es from a rclativf'ly :'\ma ll value to a vel'~' hiqh 
value is n()t large , It is po,;sib le, therefore , to 
~'slablish th(' functional r (>lationsh ip between (jm 

and d, (with only small ,~r ror ) by ignoring the 
nwchanism of transpoZ't throu'!h the drif'r soil n,al' 
the surfacc, This IS particularly tru\.' for ma;,' :'lals 
havlnr:- a rl'la tiv(>ly hiqh value oi 'I 

This is nOt to say that the ml:chani!'m 0:' ':'an,; · 
pOrt throul{h the drtf'r ,..; ul'iaco:' soil has littl ... ,.:'feC'· 
on 'he cVapora',ion rate. II :n~'ans , in ~'\'Iu.i, that 
whatever factors affect the I'ate of ll"anspon til :-ou!!h 
the surface layc!" also aCfcc t ,he Ihicknt' .:is oi '!w dry 
sur face layer and , ther e fore, a!'fcci th ... dis'anc , 
fl'om the watel' table 10 the dried layf'r, Kt1o\\'in~ 

the di.c; ta nce from the wat e r table 10 the dried layer 
and 'he ncce!';sa r y soil paramete rs (also whether -he 
,-;oli liquid has (olioll' l'd a drainaq{' or i mbibition 
cycld , it is ;rossiblc In l'ompule lh" flow r ate, 
For d"finili"t1:; UJ dr;una!!. ann imhibhlon (',\Tk" , 

:;"" : JIt' ';" Ij,m tin llfllations ::tnrl c!.,tinltions, 

!:; , t::.o.:pc l'iml'n l:l l nh'thocl,,, - DUt'" d evi !;('d ~, 

now: l mt:thod o( mt:a;;ul'in!.l liow rat"',; (0" colu mns 
in which th e cap i llal'y prt'ssurl:' was maintained at 
a z<:,'o valu(' at a fixed , 'k-vallon twar Ihl' hottom of 
th(· I'o lumn, Bathcl' Ihan (I"pt'ndinq on ~·vaporation 
I,'nm Ul\' "Ul't:l l'l' ICl !wociult 'I!lwat'd flo\\', ' hl' liqUid 
\I':t." 1" ' lnovl 'd (I'om lhe >;Ul'Hl.t.:l' t!lI'ouc-h 3. I'apillary 
hal'l'11'1' attal'lwc! to a "iphon, Flow l'a t ~','1 we rt' 
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FURTHER INVESTIGATIONS OF THE E FFECT OF HYSTERESIS 

In June 1965 , A. Anat completed an investigation 
( I] to determine more precisely the effect of hystere­
sis on upwar d now from water tables . In his experi­
ments , the equipment employed was the same as that 
used by Duke (see Appendix A). His pr ocedures , in 
most cases , differed significantly from those fol ­
lowed by Duke. 

I . Experimental Methods and Results 

Anat packed his columns by first filling the m 
with soil and then vibrating them with an electric 
powered vibrating device until they reached a rela ­
tively stable degree of compaction. The filling was 
accomplished by inserting a small tube (filled with 
soil and s uppli ed by a fUlUlel) and g r adually with­
drawing the tube as the column filled. This method 
avoided the necessity of dropping soil from the top 
of the column which might have resulted in segrega­
tion of particles according to size. It also avoided 
the segregation obtained by Duke from simultaneous 
filling and vibrating . 

Using this packing technique , curves of relative 
conductivity as a function of capillary pressure were 
obtained which could te r e presented very well by 
equation (4). Both 1) and Pb were determined 
with pr ecision as shown in figures 3 and 4. 

A. Conductivit as a function of ca iIlar res ­
sure on the imbibition cycle - In some cases see 
figure't) curves of relative conductivity as a func ­
tion of capillary pr essure were also obtained on the 
imbibition cycle , This was accomplished by first 
draining the co lumns to a very low saturation (high 
p ) and then raising the inflow reservoir and outflow 
sfphon In incre~ents . The conductivity was deter ­
mined after steady state was obtained for each in ­
crement, 

From these measurements. it was found that the 
conductivity at particular values of capillary pres ­
sure on the im bibi tion cyc le is one or twO orders of 
ma~nitude less than on tbe drainage cycle , The 
exception is for capillary pressures less than the 
bubbling press ur e, in which case , the conductivity 
o n the imbibition cycle is about half that on the drain­
age cycle, and the values of Pb were about 0.6 
those obtained on the draina!{e cycle , 

It has been pOinted out by Bloomsburg and Corey 
[l] that for capillary pressures less than the bub - I 
blin'l' pressure on the imbibition cycle , the conduc - ! 
tivity is a function of time 3ince the f'! ntrapped air 
will eventually diffuse Crom the :iy!';tl'm and the 
medium will become rully saturated , 

13. Measu t'~mcnt of upward tlow rates - The 
pr ocedure used by Anal for determinin'l' maximum 
upward flo w rates diffe red from that e mployed by 
Duke in ~everal ways . The (:olumns uRcd wl!re 
ullually only sli~htly lonl[er than necessary for C:eter ­
min ing (;onducuvi ty as ..I funl.:tion of c- apillary 

pressure. Instead of shortening the column after a 
series of runs , Anal simulated greater depths to a 
water table by lowering the inflow s iphon , He was 
careful, however, not to desaturate the column be­
low the lower tensiometer ring. 

When the system reached a s teady state , the 
lower tensiometer was read and the outflow rate 
was measured. Knowing the, fully - saturated con ­
ductivity of the soil. It was possible to compute an 
equivalent depth to a zone of zero c apillary pressur e 
by using Darcy's law. 

The first runs were made with the zone of zero 
capillary pressure at the elevation of the low e r 
tensiometer, The capillary pressure at the surface 
was gr adually increased in very small increments 
until the outflow appeared to approach a maximum, 
but the outflow siphon was not lowered more than 
this. 

After this . the inflow siphon was lowered to 
simulate a greater depth to the water table , but the 
e levation of the outflow siphon was not changed . 
This procedure resulted in no pressure reve rsal at 
the uppe r tensiometer, Furthermore , the flow rates 
agreed very clos.:ly wi th those predicted from equa ­
rion (5) . This fact is shown 10 figure 5, 

It will be noted that Anat plotted qin as a 

function of d. on log - lo~ paper. His reason for 
doin~ this was that , theorelically. this curve should 
appro.:lch a slope of '7 at low values of qin' thus 

indicatirllj' a relationship ~o the relative conductivity 
curves shown in figures 3 and... This result was 
experimenta lly coniirmed as fiq-urp. 5 shows. 

C, Upward flow on the i mbibition cyele - One 
series of runs ',I'as also made by starti n~ with com ­
pletely dry soil and allowlO~ the soi l to imbibe liquid 
from the lower inflow barrier. The initial imbibi ­
tion was produced with the inflow siphon at a low 
devation. The imbibition took place at an ex treme­
ly slow rate and a considerable time passed heiore 
any flow from the outflow si!Jhon was observed, 
Readings of the outriow rate we r e finally made, but 
it is extremely unlikely that aJ ffident time was 
allowed for the flow :,ate '0 I'~ach a Rlt'ady state (or 
a maximum rate for t he pal,ticular elt'vation of the 
inflow siphon.) 

When the milow Siphon was l'aisC'd , the SVSH'm 
reached ,Hcady StaHl 3,t il1cl"I'asinl!ly RhorH~I' {imes , 
and it is probable !hat 'he data ohtained repl't's<c'n ­
ted maximum upward flow :'at~'~, ,-\t any !'ate. the 
data for ttlt' hi~her ", }(ovation of the inflow ,dphon 
a!!I' (.·C'd Vt' l'," dOl"el,v with 'h<;"I"'t1('a1 I'al(,s compu ­
ted lIs in!! c,mducnvity data OiJla lm,'d o n an Imbibition 
eye I,· ;)';; fi.l! urt; (j ~ho\\',;. 

,\nothl'r s.::, ies of t'uns \\'03.;< made Itl whtch :he 
imbibition cycle "1 as ~tal't('d all (,!' dt'ainina tht? ~oil 
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EQUATION FOR APPROXIMATING r',IAXIMUM UPWARD FLOW RATES 

Anal also developed an alge braic equation which 
approximates very closely the values determined 
fr om equation (5) using a computer. His derivation 
is summarized as follows: 

Equation (5) is first written as 

d • __ 1_ + 1 i Q) dx (6) 
• l+q. -r7rl I i HXI'l 

m q
in ,'1 

m 

in which x is a new variable representing p .q. I /I"I, 
To solve equation (6) , the value of the integral m 

r d, 

I+x TJ 

must be known. The e xact value of this integral 
when I'l > 4 is extremely complex. The technique 

1 
e mployed is to expand -- i nto a convergent seri es 

! +xt'/ 

and i ntegrate i t t erm by t er m. 

The convergent se ries of is not the sa me 
I+xl'l 

when x < 1 as when x > 1 . T he v al ue s of 

r o 

therefor e. are separated into twO cases , 
x<landx > I, 

i. e . , 

By the fo r egoing techniques , approximate 
values of the integral arc as follows : 

Case t- - x < 1 

I x dX" ==x -

1+:« 
o 

Case 2 - - x > 1 
, -n 

(7) 

- -n-- +~ - -;j:j n +x - (Z>')_l )v' I dx I 1, 886 x 1(1 on ) , 

I ~ (8) 

Su bstituting equations (7) and (8) into equation (6), 
the values of d , correspondin" to ma:«imum values 
of Pb/PI'{, C . and 1'] arc as follo ws : 

Case I - - qin < I 

(
1+ 1. 886) 
~ 

qin In( I +q , ) 
_ _ __ + _-c::-:-;"mC 

I+qin I'}+ I 
(0) 

= 

17 

Case 2 -- q , > I 
m 

t I ( 1 +qin) 
d ~ --- + -- In - --

, l+<lin I'} -I qin 
( 10) 

The subscript m in equations (9 ) and ( 10) indicates 
that q, represents the maximum value of q, 

m 
obtained when p ~ 00 at the scaled elevati on d , 
The equations (~fand ( 10) are s ufficiently accurate 
when I'J > ~ , This is not , however , a serious dis ­
advantage sinc e the values of I(x) can be obtained 
easily by direct integration when I'} = 2 or 3, 

The degr ee of accuracy of equations (9) ar.d 
(10) is s hown by comparing the values computed 
from them with the values computed by Duke wnich 
a re show n in table Z in Appendix A A compar:.;on 
of values (for I'}- 4 , 8, and 12) computed from (he 
approximate equations with those obtai ned by Duke 
are shown in table I on the next page, A detailed 
discussion o f the d e rivation is given In the Ph,D, 
Dissertation by Anat ( I] , 

For shallow wate r -table depths or for large 
value s of q, the fl ow rate is c ontrolled by exte r -
nal evaporative conditions, T he authors suspect 
that equation ( 10) is of academic interest only, For 
most actual problems, the value of qin is small 

and if the value of qin < 0 , 01, equation 9 can be 

approximated by 

d, == ( 1 j) 

oc 

(
1 1, 886)1'} d - >') 

qfn == + ~ , (I !I 

Equation ( I Z) is somewhat compara ble in :'o rm 
to those which appear in Gardner 's paper [91 as 
equations ( 18 . 19, 20 , and 21), The latte r. how ­
ever, we r e for int egral values of r) from 1 to .. 
only , In deriving the se equations , Gardner aiso 
assumed that q was small so tha t q/a appl'oach~d 

z:ero, a being a "oil paramete r, 

An important advantage of equations (~ , 1') , 
II, and I Z) over the particular computer prol/:"am 
employed by Duke is that the fo rmL' " can b", ;;olvl"d 
for non - integral value !! of I) FUI'!hermore, ·!lese 
equations will greatly facililate computation of :'low 
z'a tes throuqh stratified soil even thou,?h a COI~,p~l!l'r 

may be necessary for such computations, T!'! e 
theo ry of how such computations might be made i,. 
presented in the Thesis by Anat [ I I , It has no, 
been verified t'xperimt' ntally to nate, 



SUM MARY AND CONCLUSIONS 

Experiments were conducted at Colorado State 
University to investigate steady upward flow from 
water tables. The first investigations began in 1956 
(as part of the Western Regional Project W ~ 32) 
some a spects of which have been "reported in pre ­
viously published literature (fl, 16J. The principal 
purpose of this paper is to report the findings of 
studies which were completed in 1965 conce rning 
upward now from water tables. 

The objective of the latter studies was to answer 
the questions: 

I . What Is the maximum rate of upward flow 
(as a. function of the depth at which liquid exists at 
atmospheric pressure) and what are the soil parame ~ 

ters that determine this maximum rate? 

z. What is the maximum rate of upwa r d flow 
whe n the liquid system follows an imbibition cycle 
completely? 

3. How is the ma:'dmum rate of upward flow 
afrec ted by a situation in whIch the removal of 
liquid from the s urface exceeds the rate at which it 
can be transmitted to the surface? 

A differential equation was developed which 
relates the miuimum scaled flow rate qin to the 

scaled dis tance d . from the zone of zero capillary 
pressure to the bottom of a dry su ria.ce layer. The 
differential equation comains the soil parameter 11 
which is a dimensionless numbtor evaluating the pore ~ 

size distribution. 

The flow rate q is scaled by dividing it by the 
hydraulic conductivity of the fully sa turated soil 
and the distance d is scaled by dividing by the 
quantity Pb/pi, in which Ph is the capillary 
pressure a1 which the soil beqins to dcsaturate 
rapidly . 

The differential equation relating qin to d. 

has been s olved using a co mputer program for a 
range of J) from 2 to ZO , ·.vhich includes all values 
of 1'1 found to date. This program , however , is 
s ui table for values of I] that are inteqers only. 
Al~ebraic expressions were also developed which 
approximate the exact solution of the diirt'rcntial 
equation. The :lpproximatiOn is close enou~h for 
any conceivable practical purpose :lnd , furthermore . 
the ah:ebraic expressions ca n be ~valuated lor 
values o f () that arc non ~ intt;gers as well us 
inteltc r s . 

It was found that the thltol"E'tical e quations gave 
functiol\al relations between qin and d. which 

J.l{recd extremely well with measul·",d functional 

'" 

~ 

relatlons when the soil parameters C , Pb' and 
J) were measured with suffident accuracy. Th e 
agreement was good for syste m s in which the soil 
liquid followed both an imbibition (ri sing water 
table) and a drainage cycle {falling water tabl e) , 
provided the soil parameters were obtained for the 
appropriate cycle" 

Unfortunately, however, the values of qin 

corresponding to a particular value of d. , wh en 
the system follows a drainage cycle can be 100 
times greater than when the system follows an 
imbibition cycle. Furthermore. whenever the ra:e 
of removal of liquid from a soil surface substan ­
tially exceeds the rate at which the liquid can be 
replaced from the inte rior of the soil. hysteresis 
takes place . 

The hysteresis process probably take s place 
as follows: 

A large potential gradient at the surface a t 
first removes liquid from the su rfac e layer faster 
than the liqui d can be replaced from the interior. 
The desaturation of the sur face layer results in a 
large reduction in its conductivity so that a stag~ is 
reached when the rate at which the desaturated layer 
can imbibe water from the interior is somewhat 
greater than the rate at which it can be condu cted 
through the layer. This causcs the pressure of 
water entering thc desaturated layer to incl·east' , 
thus decreasing the potential gradient producing flow 
from the interior by the ti me steady stat€' flow I" 
tc>stablished . Because the functional relati ons arr.ong 
degree of saturation , pressure and conductivity 
contain hysleresis loops. the increased pressun· 
is not accompanied by a material increase In sa:u ra­
tion or conductivity in the sur face layer. 

The result is that \\Iht'n now takes place fl'O;!! a 
water ta ble to a soil suriace (under condition s -::al 
would otherwise produce a drainage cycle) quick 
dryinq: of the surface will pl·oduce flow rates It':;:;; 
than when hysterC'sis does not occ ur. 

The n;>duction In flow rale , funhermore, cl~ ~ 

rends on the rate at which the surface layt'r IS 
df'saturated; the fas te r it is dCSatul·atcd, Ihe 11;:"<'a l (' r 
;1\1' reduction in flow rat('. Reduction in flow :·a:<!s 
of rl·om 20 T.O 50 percent l·esulting fl·om hysl t: c (' o< is 
have been observ\·d. It i,; possibh::. or ('ourse. ·hal 
if thc sudace laypr had been dl~S3turalt'd (' VIW :::or ... · 
quickly than was possible with th e apparatus .. ::, ­
ployed, rt:duct10n in flow l·ates gn'ater than j ') ;~,, :.~ 

cent might have occurred. 
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APPENDIX A = 
(From Thes is by Duke [8]) 

Fortran Computer Program (or Solution or Equation (5) 

STMNT 

c 

00010 

00020 

0 10Z0 

FORTRAN STATEMENT 

PROGRAM FOR HAROLD DUKE 
H~ . 05 
PI=].1415 9Z7 
N- t 
DO 20 LLL-t, 19 

EN" N 
Q".0005 
DO 20 LL- l,1 4 
ZZ"O.o 
Q"Q (l Z 
Z"PI/(EN*S INF(PI/E N)oQ**( I . l EN» 
DO tOL"I,I O 
R:F'LOATF (LI-1. 
TERM=(H/3 . )*« I. /( I.+Q*« Z. *R(l H)o!I!ION») + 
(4 . I( I .+Q O:O«Z, >:< R Ol< H+H )>:r* N») + 
(1. I( 1. +Q >OO «Z. (l R*H+H+H) (I* N»» 
ZZ=ZZ+TERM 
Z .. Z+ZZ 
ZZZ" 1./( t. + Q) 
Z"Z+ZZZ 
PUNCH 1020, N.Q . Z 
PRINT 10 t O,N, Q , Z 
STOP 
FO RMAT (3H N" I Z, 5X. 3H QIIP6 . 3, SX, 3H Z-EI8. 8) 
END 

Z1 



APPENDIX B 

(From Thesis by A. Anat [I]) 

TABLE 3 

RELATIVE PERMEABIUTY·CAPILLARY PRESSURE DATA 

Soil 

Loveland Sand No. 
Drainage cycle 

., 
C '" 1.047x l 0 em/sec 

I) • 12 . 3 

Touchet Silt Loam 
Drainage c ycle 

. 4 
C" 2 . 85x 10 e m/sec 

Pb/pg '" 7Z.Z em 

I) " 6 . 2 

Loveland Sand No.2. 
Drainage cycle 

C " 9. 4 5x I O·
3 em/sec 

'7=15 . 2 

Imbibition cycle 

C" 4.6 85x I 0 ·
J c m/sec 

I) '" ~J.5 

Z3 

p/pg(cm.) C/C 

10. 7 0 I . 0000 
1 3 . 00 I . 0000 
15.45 o. 8960 
15.80 o. 8 100 
17.80 o. 5020 
20.30 o. 2000 
22. 00 0.0874 
24.80 0.0 226 
25 .0 0.0 16 

9.65 I . 0000 
24.80 1. 0000 
37. 0 5 1 .0000 
43.50 0.9770 
53.10 0.9090 
60.30 0.8600 
68.30 0.6800 
71. 50 0.6600 
9 1. 35 0 . 2 330 

106 . SleO 0.09680 
10 7.5 0 0.07550 
I ! 7.50 0 . 04 870 
127 .50 0.03200 

6 .60 . 00000 
11 . 30 .00000 
14 .50 1 .00000 
lB . ;0 o. 69200 
23 . 50 o. 10200 
25 . 10 0 . 00234 
26 . 10 0 . 00166 
27.80 0 .00071 
29. )0 0.000262 

26.20 0.000 18 
22.25 0. 00033 
17 . 50 0.02050 
15. 00 0.04 150 
15 . 00 0 . 075 14 
14 . 50 0 .10920 
1 3. 2 0 0 . 211 00 
1 1. 8 0 0 . 34 870 
10. 30 0 .460 50 

3 .20 o. 47700 
5 . 4 0 O. 4 8500 
3 . 6 0 o. 4 8960 



Soil 

Loveland Sand No. 1 
Drainage cycle 

P
b

/ pg ," 18.00cm 

" . 12.3 

T o u c het Silt Loam 
Drainage cycle 

Pb/pg . 72 . l c m 

11 • 6 .2 

Loveland Sand No . 2 
Draina ge cycle 

Pb/Pll' ,. 20 . 0 c m 

7) -; 15 . 2 

I mbi biti o n cycl e 

11 .. a. :; 

C rab Cree k No . 2 
Draina~e cycle 

Pb- l l.50cm 

'I • 12.2 

Imbibition cycle 

n • 'J . 0 

TABLE 4 

SUMMARY OF MAXIMUM RATES OF UPWARD FLOW, 

COMPARED WITH THEORETICAL VALUES (EQUATION 9) 

qx l Ol Cx l Ol Experimental 
qin 

, 

cm/ sec 

0 . 80800 
0 . 74 060 
0.6 1300 
0 . 47300 
0.40 900 
0 . 31000 
0,25200 
0 . 20300 
0 .1 3500 
0 . 06200 
0 . 00 870 
0.00200 

O,Ol663 
O, Ol 062 
0.016 17 
0 . 0085 7 
0 . 00l91 
0 . 00182 

0 , 016 10 
0 . 0 25 80 
0 . 01590 
0 . 004 00 
0 . 00160 
0 . 00058 

0 . 00080 
0 . 000 94 
0 . 00 161 
0 . 00370 
0 , 009 70 
0.03 340 
0 , 06 9 80 

0 .40 720 
0 ,271 30 
0 .1 4 640 
0 . 090S0 
O,OSqOO 
0.032:00 
0 . 0 14 00 
0, ~)'J9f10 
0 . 0036 5 

0 . 00 14 6 
0 . 00 31 8 
O, OO!H13 
Q. OZ3-t 0 
O. OH liO 
O. OaHO 

c m / sec 

1 . 04 1 

" 
" 
" 
" 
" 
" 
" 
" 
" 

" 
" 

0.O l B5 
" 
" 

0.0100 
" 
" 

0.943 
" 
" 
" 

0 , 950 

0. 04 3 

. 381 

I. 3!l3 

1 . 311 1 

1 ,0147 

I 
I 
I 
I 
I 

0.77l00 
0 . 10700 
0 . 586 0 0 
0.-15200 
0.390 30 
O. 30 200 
0 . 24130 
0. 194 00 
0 .1 2 800 
0 . 05930 
0.00 B30 
0.00 190 

0.9 3500 
0 . 724 00 
0 . 50800 
O,2B4 00 
0.09600 
0.06 100 

0.038l0 
0 . 03660 
0 . 0 1690 
0 . 0042 8 
0 . 00 17 3 
0 , 0006 1 

O. OOOOS 
0 . 000 10 
0 . 000 17 
O . OOOl~J 

0.00 104 
0 . 00F;5 
0 . 00 743 

0. 20500 
1), I n640 
0.10600 
o 00520 
0, 0-12 30 
0.02Z'.)7 
0.0 1040 
O. (j070l) 
0.00Z6 -1 

0 . 00 103 
i) . 00Z .!5 
t) . t)(lfi l'I -I 

0 . 00 1H2 
'1 . 003)7 
1) . 00:,)6'\ 

I 

i , , 
I 
I 

d. 

0 . 647 
0.676 
0 .71 8 
0.795 
0 . 843 
0 , D20 
0 . 977 
2. 034 
I . 1 12 
1.246 
1. 4 56 
1 . 772 

0 , 625 
0,763 
0,874 
1. l lO 
1 .573 
1 .650 

1.140 
I. 22 3 
I . 313 
1 . 407 
1. 528 
I . 625 

L lZO 
1,1-1 B 
I . 0 -1 5 
O. 'Hi 5 
0 . 865 
0.7YJ 
0.1:i50 

O,'lHI 
1.0 20 
1.1 3S 
1.2 16 
1,28!) 
I, :>77 
1 ,-1 89 
' ,.H 2 
I. (j l7 

1 . ·1-13 
t, 2.! I 
t .0-t 0 
'J . "Z.i 
oJ . :~2 7 
1) . 7:; -1 

I , 
I 

I 

I 
i 
i 
I 

I 

Eq. 9 
d . 

Q 6 39 
0 66 7 
O. 72 3 
o. , n 
0.837 
O. 904 
O. 0 5 9 
1 .001'1 
1. O~)3 
1. Z 25 
1 , 4 95 
1 ,710 

0 . 667 
0. 7 59 
0.888 
I . !)98 
I .153 
1 .596 

1. 2 1 t) 
I. Z I 9 
I. 300 
1 .4 36 
1, 526 
I. G 37 

. Li6 
I , t 23 
I . Clfi5 
I), '.17 ! 

0,86 01 

'J. 73S 
0.6-18 

0. n 12 
1.007 
I . I 29 
I. !oIl 
I. ? 7-1 
I. '>60 
I , -f 71) 

1,513 
I,G-I7 

1. l7? 
I . 1 32 
0."11;) 
'.1, 'l l3 
C1 , 3 36 
'J. '7 70 



EQUIPMENT AND PROCEDURES 

Design of Equipment 

The individual components used in Duke's 
research and subsequent studies of a similar nature 
we re those designed and built by Brooks and Corey. 
Figures 9 , 10 , and 11 show sketches of the several 
components. Most of the length oj' the soil columns 
was enclos ed by acrylic plastic cylinders as shown 
in figure 9(a). Each of these sections had an annular 
groove machined into the wall at the bottom end of 
the section with small notches connecting this groove 
to both inside and outside the tubing. The purpose of 
these grooves was to provide a means for air to 
enter the column as drainage proceeded and to mini­
mize the escape of liquid by capillary now through 
the joints. 

Inflow to the column was supplied through a sec ­
tion of acrylic tubing closed on the lower end and 
fitted with a capillary barrier as shawn in figure 10. 
This section was machined on the inside to allow a 
thin sleeve of Selas mter material with a bubbling 
pressure of 10 psi, having the same inside diameter 
as the colu mn sections , to be inserted. An annular 
space outside the barrier allowed free passage of 
liquid around its outer s urfac e . This space was con ­
nected to an inflow siphon by means of a 1/4 " drilled 
and tapped hole and pla s tic tubing. 

Fluid was removed from the top of the soil 
c{'~umn through a ceramic ba r :oier of the same com ­
position as that used for the inflow sleeve. The 
outflow barrier consistcd of a disc of ceramic cemcn ­
ted to a plastic section milled from solid stock , hav ­
ing a center bore and provision for attachment of 
tubing at the upper end , This barrier was of such 
size as to slip freely into the column sections to 
a llow good contact between barrier and soil, ye t 
prevent exce~'sive evaporation . This arrangement 
1S shown in figure 11. 

To provide for measurement of capilla r y pres ­
sure s within the columns , sections of cylinders Z e m 
in length were machined inside to form an annular 
groove to retain thin rings of ceramic, I/Z cm wide, 
the arrangement being shown in figure 9(b) . The 
annular groove was connected to a small displace ­
ment manometer. These tensiometer rings opera ­
ted in the same manner as ordinary tensiometers 
e:<cept that , being flush with the inside wall of the 
co lumn sections , they did not reduce the cross ­
sectional area of the soil column . All capi llar y bar ­
riers including those used in the te nsiomcters werc 
cemented to the acrylic plastic usi~ Armstron"A - 1 
industrial adhesive. 

For the lower flow ratcs, the outflow was 
measured in a" mm 0.0. glass tubf' calibrated In 
cm l per c m of lenqth. The higher flow rates were 
measured by aUowinq the liqUid to drip from the t:nd 
01' l ht" lube into a 5 ml bure ttc. Figure IZ shows 
hoth the outflow measuring device and the constant 
he ad inflow reservoir. 

Z7 

For soil materials having a very high permea ­
bility and low bubbling pressure, Porvic plastic was 
substituted for Selas as barrier mat erial 10 reduce 
the head loss through the barriers and to maintain 
better control of the capi llary pressures. 

Procedure 

The columns we r e assembled by fastening to ­
gether the acry lic sections mentioned previously. 
The inflow section was at the bottom of the column , 
with a tensiometer ring Immediately above to pro­
vide a reference for the water table . 

A 4 cm and a Z cm cylinder section were .,Iaced 
above the lower tensiometer rin~. .-\ second 
tensiometer ring was placed above these twO 
co lumn sections. This portion of the column pro ­
vided a convenient section for measuring conduc ­
tivity as a function of capillary pressure. The latter 
measurementS were made after the upward flow 
experime nts were completed. The alternate place ­
ment of column sections and tensiometer rmgs until 
the desired length was attained completed the column 
arrangement for the upward flow tests, 

The sections were then taped together and 
packed us ing a mechanical packer of a type devised 
by Jackson et,a1.[ll]. Experiments showed tha t 
this method resultcd In a uniform bulk density 
throughout the column . Later experience ha s shown . 
howeve r, that this packer (or any device which 
simultaneously vibrates and fills a soil columnl 
causes large particles and aggregates to concentrate 
at the wall of the column thus producing non­
homogeneity in horizontal planes . This cIrcum ­
stance adversely affected some of Duke's results. 

A.fter t he colu mns were packed, a disc or' (iber ­
glass mat wa s placed over the top of the soil column 
t a prevent erosion during the s aturation procedure. 
A plastic plug containing holes to permit the- escape 
of air held the fiberglass against the soil and :-f! ­
tai ned the soil in the column. The column \\'as then 
submerged i n a container of hydrocarbon to whi c h a 
vacuum was applied, The vacuum was maintain ed 
until air bubbles ceased to e merge from the soil a nd 
the capillary barriers, Afterwards the \·acuum was 
removed allowing the liqUid to fully saturate the soil 
and the capillary barriers . 

The saturated columns were removed from the 
liquid conttl.iner and placcd in a horizontal position 
to prevent desatur ation. Short sections or' oil ­
filled tubing were connec ted to all manometer taps 
and clamped to prevent air enterinq the rap i llary 
barriers. The c olumn was then CUt CVl'n 11"\ th the 
top of the upper lensiom~t"'r section to qive a 
smooth soil surfacl~ and fastcned to a vertical chan ­
nel iron near the manometer board. 

The in flow l'I·'H~ !·voil· was imnwdialt'ly 3ltached 
to the inflow harl'i~'!' !o p!'cvcnt The zon~' " j' zero 
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